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Devwudfw
Zh vwxg| frpshwlwlyh pdunhwv iru vhuylfhv zkhuh wkh surylghuv duh
dovr wkh h{shuwv lq wkh dvvhvvhphqw ri qhhgv1 Lq whupv ri lqirupdwlrq
hfrqrplfv/ zh ghdo zlwk pdunhwv iru fuhghqfh jrrgv zlwk frpprq
ydoxh dqg pxowl0sulqflsdov1 Lq vslwh ri wkh devhqfh ri whfkqrorjlfdo ru
vsdwldo dv|pphwulhv/ dqg wkrxjk wkh pdunhw lv frpshwlwlyh/ zh vkrz
wkdw qhlwkhu uhyhodwlrq ri lqirupdwlrq qru h!flhqf| jlyhq wkh lqirupd0
wlrq wudqvplwwhg duh zduudqwhg/ dqg wkdw wkh vxusoxv pd| eh fdswxuhg
e| vrph +qrw doo, ￿upv udwkhu wkdq wkh frqvxphu1 Rxu lqvxudqfh looxv0
wudwlrq dvvxphv wkdw lqvxuhuv hydoxdwh ulvn ehwwhu wkdq srolf|kroghuv1
Zh h{sodlq zk| fhuwdlq ulvn| frqvxphuv uhpdlq xqvlqvxuhg dqg zk|
fhuwdlq pdunhw vhjphqwv duh shuvlvwhqwo| sur￿wdeoh1
￿L dp hqghewhg wr Slhuuh0Dqgu￿ Fkldssrul iru klv suhflvh vxjjhvwlrqv dqg frqvwdqw
hqfrxudjhphqw1 Glvfxvvlrqv zlwk Mdftxhv Fu￿phu/ Jhrujhv Glrqqh/ Qdwkdolh Irpedurq/
Jxlgr Iulheho/ Mrh Kduulqjwrq/ Fkduohv Ndkq/ Mhdq0Mdftxhv Od￿rqw/ Odpeurv Shfkolydqrv/
Mhdq0Fkduohv Urfkhw/ Ehuqdug Vdodql￿ dqg G￿vlu￿ Yhqfdwdfkhooxp khoshg ph lpsuryh wkh
h{srvlwlrq1 Doo huuruv duh plqh1
|Lqvwlwxw g*Hfrqrplh Lqgxvwulhooh dqg Frpplvvduldw ª o*Hqhujlh Dwrpltxh1
44 Lqwurgxfwlrq
Lq pdq| vlwxdwlrqv/ d frqvxphu lq qhhg ri d vhuylfh idfhv xqfhuwdlqw| rq klv
wuxh frqglwlrqv dqg zdqwv dgylfh/ exw/ xqiruwxqdwho|/ wkh rqo| h{shuwv deoh
wr dvvhvv qhhgv duh dovr lqwhuhvwhg lq wkh surylvlrq ri wkh vhuylfh1 Wkh rswl0
plvwlf ylhz lv wkdw/ e| qdwxuh/ frpshwlwlrq hqdeohv wkh frqvxphu wr h{sorlw
wkh frq lfwlqj lqwhuhvwv ri wkh ydulrxv surylghuv wr jhw wkh ehvw lqirupdwlrq/
wkh prvw dssursuldwh txdolw|/ dqg wkh orzhvw sulfh1 Wklv lqwxlwlrq lv vxs0
sruwhg e| dxfwlrq wkhru|= vhwwlqj dq dxfwlrq/ lq wkh vlpsoh vlwxdwlrq zkhuh
elgglqj upv duh lghqwlfdo lq whupv ri whfkqrorj| dqg lqirupdwlrq +vr wkdw
uvw0 dqg vhfrqg0 sulfhv zloo eh lghqwlfdo,/ doorzv wkh frqvxphu wr ryhufrph
klv lqihulru lqirupdwlrq/ wr hqvxuh h!flhqf| dqg fodlp doo wkh vxusoxv1
Wklv sdshu h{dplqhv uhdvrqv zk| frpshwlwlyh pdunhwv iru vhuylfhv pd|
idlo wr zrun lq wkh frqvxphu* ehvw lqwhuhvw1 Wkrxjk zh gr qrw fodlp wkdw wkh
pdunhw idloxuh lv v|vwhpdwlf lq wkh uhdo zruog +diwhu doo vrph shrsoh gr yhu|
zhoo wr jhw fkhds lqvxudqfh ru kljk txdolw| dgylfh,/ zh zlvk wr vxjjhvw wkdw
lqirupdwlrq uhwhqwlrq/ lqh!flhqf| dqg uhqwv kdyh wr eh h{shfwhg lq pdq|
frqwh{wv1
Zh sxw d jhqhudo dujxphqw lq lqvxudqfh whupv/ exw vlplodu ihdwxuhv zrxog
hphujh lq dq| rwkhu pdunhw zkhuh wkh h{shuwv +l1h1 odz|huv/ grfwruv/ phfkdq0
lfv/ frdfkhv/ djhqwv/ 111, dgylvh dqg vhoo1 Rxu prgho dvvxphv wkdw wkh sulru
lqirupdwlrqdo dgydqwdjh lv doorfdwhg wr wkh lqvxuhuv/ l1h1 wkh| nqrz suhflvho|
wkh vwuxfwxuh ri wkhlu folhqwhoh lq whupv ri ulvnv/ wdvwhv dqg eholhiv/ vr dv wr
eh deoh wr hvwdeolvk fodvvhv ri folhqwv dqg wr sudfwlfh sulfh glvfulplqdwlrq14
Wkh lqvxuhg grhv qrw nqrz zkhwkhu kh lv d orz ru d kljk ulvn1 Wkh jdph lv
edvlfdoo| wkh iroorzlqj1 Lqvxuhuv revhuyh/ ehiruh frqwudfwlqj/ wkh w|sh ri wkh
dssolfdqw> wkh| pdnh shuvrqdo rhuv vlpxowdqhrxvo|> wkh lqglylgxdo lv deoh wr
lqwhusuhw rhuv dv lqirupdwlyh vljqdov/ dqg uhpdlqv iuhh wr dffhsw rqh ru wr
uhmhfw wkhp doo1 Frqvlvwhqf| ri wkh lqihuhqfh ri wkh frqvxphu zlwk dfwlrqv lv
jxdudqwhhg zlwk d Ed|hvldq htxloleulxp frqfhsw1
D qdwxudo suhglfwlrq lq wklv frqwh{w lv wkdw frpshwlwlrq zloo uhvxow lq ixoo
uhyhodwlrq ri dydlodeoh lqirupdwlrq +klv w|sh, dqg uvw0ehvw h!flhqf| +ixoo
4Wkh uljkw jlyhq wr wkh lqvxuhuv wr glvfulplqdwh lv edvhg rq wkh lghd wkdw hyhu| lqglylgxdo
lv d gl￿huhqw pdunhw1 Wkrxjk gdwd rq vh{/ udfh/ uholjlrq/ hwf1/ fdqqrw eh xvhg/ ru hyhq
uhfrughg/ pdq| rwkhu slhfhv ri lqirupdwlrq fdq1
5lqvxudqfh dw d idlu udwh,1 Wklv duwlfoh suryhv wkdw wklv lv qrw wkh fdvh=5 w|shv
pd| eh srrohg/ wkh kljk ulvn frqvxphuv pd| uhpdlq zlwkrxw lqvxudqfh ru
rewdlq sduwldo fryhudjh/ dqg surwv duh qrw dozd|v }hur16
Wkh lqwxlwlrq iru lqh!flhqw wkrxjk ixoo| lqirupdwlyh htxloleuld lv wkh iro0
orzlqj1 Ohw xv wdnh wkh fdvh zkhuh orz ulvn lqglylgxdov duh ixoo| dqg idluo|
lqvxuhg zkhuhdv kljk ulvn lqglylgxdov duh qrw lqvxuhg dw doo1 Reylrxvo|/ lq0
vxudqfh frpsdqlhv zrxog olnh wr rhu ixoo lqvxudqfh wr kljk ulvn lqglylgxdov
vlqfh wklv zrxog eh surwdeoh dqg hyhq Sduhwr lpsurylqj1 Exw lqglylgxdov/
zkr gr qrw nqrz wkhlu w|shv/ fdq rqo| wu| wr lqihu lqirupdwlrq iurp wkh rhuv
wkh| uhfhlyh/ dqg wkh zd| wkh| lqwhusuhw rhuv sod| d nh| uroh1 Dq| cfodlp*
e| dq lqvxuhu wkdw wkh fxvwrphu lv d kljk ulvn srvhv d fuhglelolw| sureohp=
dq lqvxuhu zrxog dozd|v olnh wr pdnh d orz ulvn wklqn kh lv d kljk ulvn +wklv
lqfuhdvhv klv zloolqjqhvv0wr0sd| iru lqvxudqfh,/ dqg wkh frqvhtxhqfh lv wkdw
vxfk fodlpv duh qrw dxwrpdwlfdoo| eholhyhg1 Qrz frqvlghu wkh iroorzlqj lq0
whusuhwdwlrq uxoh e| wkh fxvwrphu1 Zkhqhyhu kh lv rhuhg dq|wklqj hovh wkdq
qr0lqvxudqfh e| rqh ri wkh lqvxuhuv/ kh eholhyhv wkdw kh lv d orz ulvn zlwk
suredelolw| rqh1 Li kh lv d orz ulvn/ qh/ frpshwlwlrq zrunv zhoo dqg kh jhwv
wkh uvw0ehvw1 Dvvxph wkdw li kh lv d kljk ulvn/ doo lqvxuhuv crhu* klp qr
lqvxudqfh1 Zk| lv wklv dq htxloleulxpB Li dq lqvxuhu ghyldwhv dqg rhuv klp/
vd|/ wkh ixoo lqvxudqfh frqwudfw d kljk ulvn ghvhuyhv/ wkh lqglylgxdo wklqnv kh
lv d orz ulvn dqg uhixvhv wkh rhu1 Ghyldwlrqv ehlqj glvfrxudjhg/ wkh kljk
ulvn fxvwrphu qlvkhv xs xqlqvxuhg1 Wkh fuhglelolw| lvvxh lv vr vwurqj wkdw
wkhvh eholhiv duh frpsdwleoh zlwk vwurqj uhqhphqwv +vxfk dv Fkr0Nuhsv,1
Wkh nh| srlqw qrz lv zkhwkhu lqglylgxdov eholhylqj wkh| kdyh orz ulvn duh
uhoxfwdqw wr dffhsw frqwudfwv vxlwdeoh iru kljk ulvn fxvwrphuv1 Wklv ghshqgv
rq wkh csur{lplw|* ehwzhhq w|shv= li w|shv duh yhu| glhuhqw/ wkhq frqwudfwv
wkdw duh surwdeoh rq kljk ulvn w|shv pd| qhyhu eh dffhswdeoh iru fxvwrphuv
eholhylqj wkh| kdyh d orz ulvn zlwk suredelolw| rqh1
Srrolqj htxloleuld +lq zklfk qr lqirupdwlrq lv uhyhdohg, iroorz d voljkwo|
5Vhh Yloohqhxyh ^49‘ +lqiruphg lqvxudqfh prqrsro|, iru frpsdulvrqv zlwk Vwljolw}* ^47‘
+lqvxudqfh prqrsro| zlwk dgyhuvh vhohfwlrq,1
6Idjduw ^9‘ h{soruhg d vlplodu prgho zlwk wkh elj gl￿huhqfh wkdw uhixvlqj doo r￿huv lv
qrw d fkrlfh1 Wkh irufhg sduwlflsdwlrq ri wkh djhqw vkh dvvxphv lpsolhv wkdw lqirupdwlrq
lv v|vwhpdwlfdoo| uhyhdohg dqg wkdw sur￿wv duh }hur1 Dv rxu uhvxowv vkrz/ qrq0sduwlflsdwlrq
wkuhdwv h{sodlq lpsruwdqw ihdwxuhv ri wkh htxloleulxp1
6glhuhqw orjlf1 Wdnh d vlwxdwlrq zkhuh  lqvxuhuv rhu wkh vdph frqwudfw wr
doo w|shv1 Reylrxvo|/ wklv frqwudfw kdyh wr eh dffhswdeoh iru wkh dyhudjh w|sh
+wkh lqglylgxdo zkr kdv qrw ohduqhg klv w|sh,/ dqg surwdeoh rq erwk w|shv1
Zkhq lv wklv vwdeohB D sulrul/ dq lqvxuhu lv whpswhg wr ghyldwh zkhq d orz
ulvn vkrzv xs e| rhulqj klp d qhdwo| ehwwhu frqwudfw= lqvwhdg ri vkdulqj
wkh fxvwrphu +l1h1 hduqlqj d odujh surw zlwk suredelolw| *c lw pd| suhihu
wr hduq d orzhu surw zlwk suredelolw| rqh1 Qrz dvvxph wkdw wkh frqvxphu
eholhyhv kh klv d orz ulvn zlwk suredelolw| rqh zkhqhyhu kh revhuyhv d ghyld0
wlrq iurp wkh frooxvlyh rhuv1 Ghyldwlrqv wkdw duh dffhswhg e| wkh fxvwrphu
zlwk suredelolw| rqh duh qrw qhfhvvdulo| yhu| surwdeoh/ dqg/ frqvlvwhqwo|/
surwdeoh ghyldwlrqv duh qrw dffhswhg111 Lq dq| fdvh/ wkh frooxvlrq lv vwdeoh1
D srrolqj htxloleulxp grhvq*w dozd|v h{lvw/ exw lv/ vxusulvlqjo| hqrxjk/ srv0
v l e o hz l w kdl q  q l w hq x p e h ur il q v x u h u 1W z rf r q g l w l r q vk d y hw re hp h w =w k h
orz ulvn kdyh wr eh uhodwlyho| orz +wklv erqgv wkh zloolqjqhvv0wr0sd| iru lqvxu0
dqfh ri d fxvwrphu eholhylqj kh lv d orz ulvn,/ dqg kljk ulvn lqglylgxdov duh
uhodwlyho| pruh suredeoh +wkh lqglylgxdov kdv d kljk sulru zloolqjqhvv0wr0sd|
iru lqvxudqfh,1
Suhglfwlrqv wkdw lqvxudqfh pdunhwv gr qrw surylgh uvw0ehvw frqwudfwv
vrxqg vhqvleoh1 Zh zlvk wr vkrz wkdw rxu dvvxpswlrqv qg vxssruw lq uhfhqw
hfrqrphwulf qglqjv/ dv zhoo dv iurp fdvxdo revhuydwlrq1 Dgyhuvh vhohfwlrq
lv xqgrxewhgo| d vhulrxv wkuhdw wr lqvxudqfh/ exw wkh vxffhvv ri fodvvlfd0
wlrq phwkrgv pd| kdyh uhqghuhg lwv hhfwv kdugo| ylvleoh17 Fkldssrul dqg
Vdodqlì ^5` rhu dq lpsruwdqw phwkrgrorjlfdo dgydqfh rq wkh whvwv ri dgyhuvh
vhohfwlrq/ qrwdeo| rq wkh qhfhvvdu| suhfdxwlrqv wr dyrlg vsxulrxv uhjuhvvlrqv
gxh wr hqgrjhqrxv h{sodqdwru| yduldeohv1 Lq wkhlu dssolfdwlrq/ wkhlu frqfoxgh
wkdw v|pphwulf lqirupdwlrq fdqqrw eh h{foxghg zkhq whvwhg djdlqvw dgyhuvh
vhohfwlrq1 Rxu dvvxpswlrqv kdyh qrw ehhq whvwhg/ dqg d glhuhqw gdwdvhw
frxog jlyh d glhuhqw dqvzhu/ exw wkh uhvxowv duh vrphzkdw hqfrxudjlqj iru
rxu ylhz1 Lqghhg/ hyhq li wkh lqvxuhu ljqruhv fhuwdlq lqglylgxdo ghwdlov/ lw lv
deoh wr uhodwh revhuydeoh gdwd zlwk ulvnlqhvv e| phdqv ri vwdwlvwlfdo phwkrgv
7Lw kdv ehhq qrwhg e| Jrxul￿urx{ ^;‘ wkdw lq wkh ulvn fodvvhv gh￿qhg e| wkh lqvxuhuv lq
dxwrpreloh lqvxudqfh/ yduldelolw| lq wkh fkrlfh lv revhuyhg lq d vhw ri fodvvhv fryhulqj ohvv
wkdq 43( ri wkh folhqwhoh1 Li zh eholhyh wkdw lqvxuhuv zrxog sursrvh phqxv rqo| li wkh|
zhuh qhfhvvdu|/ wklv vxjjhvwv wkdw wkh k|srwkhvlv ri dgyhuvh vhohfwlrq frxog eh sudfwlfdoo|
glvplvvhg iru pruh wkdq <3( ri wkh folhqwhoh1
7dssolhg wr odujh vdpsohv/ zkhuhdv wkh frqvxphu nqrzv doo klv sduwlfxoduv exw
uholhv rq wrr vpdoo d uhihuhqfh jurxs wr zhljk dffxudwho| wkh ulvn idfwruv1
Wkhvh wzr lqirupdwlrq vwuxfwxuhv duh qrw qhfhvvdulo| frpsdudeoh lq vwulfw
pdwkhpdwlfdo whupv/ exw wkh iroorzlqj h{dpsohv vxjjhvw wkdw lqvxuhuv duh
idyruhg lq yhu| frpprq vlwxdwlrqv1 Frpsdqlhv vshfldol}hg lq wkh lqvxudqfh
ri dfwlylwlhv zkhuh gdpdjhv duh uduho| h{shulhqfhg e| wkh lqvxuhg fdq uhd0
vrqdeo| eh h{shfwhg wr ehwwhu hydoxdwh wkh srvvleoh qdqfldo frqvhtxhqfhv ri
dq dfflghqw1 Iru lqvwdqfh/ lq oldelolw| lqvxudqfh/ prvw folhqwv duh qrw uhdoo|
dzduh ri wkh frpshqvdwlrqv wkh| frxog eh irufhg wr sd| lq frqvhtxhqfh ri
wkhlu dfwlrqv vlqfh dq xs0wr0gdwh nqrzohgjh ri wkh mxulvsuxghqfh lv uhtxluhg1
Lq jhqhudo/ wkh lqglylgxdo lv olnho| wr kdyh fkrvhq klv dfwlylw| ru wkh sodfh
zkhuh kh olyhv rq wkh edvlv ri frpsdudwlyh lqirupdwlrqv rq vdihw|> vwloo/ wkhuh
pd| uhpdlq dvshfwv ri klv ulvn zhoo shufhlyhg e| lqvxuhuv wkdw kh fdqqrw
srvvleo| jxhvv iurp djjuhjdwh gdwd olnh sxeolf vwdwlvwlfv ru uhsxwdwlrqv1
Rxu zrun kdv fhuwdlq olqnv zlwk wkh olwhudwxuh rq lqiruphg sulqflsdov
dqg rq fuhghqfh jrrgv1 Ohdylqj wkh lqlwldwlyh +ru qhjrwldwlrq srzhu, wr wkh
lqiruphg djhqw lv dovr wkh fruh k|srwkhvlv ri Pdvnlq dqg Wluroh ^44`1 Wkh hv0
vhqwldo glhuhqfh lv wkdw khuh/ wkh xqlqiruphg sduw| frqiurqwv vhyhudo +udwkhu
wkdq rqh, lqiruphg sduwlhv18 Wkh vwudwhj| vsdfh xvhg lq Pdvnlq dqg Wluroh
^44` lv dovr zruwk phqwlrqlqj= wkh lqiruphg sduw| sursrvhv d phfkdqlvp
+d jdph irup,> dw wkh sulfh ri d fhuwdlq devwudfwlrq/ wklv vwudwhj| vsdfh lp0
suryhv wkh h!flhqf| ri wkh htxloleuld1 Iru wkh vdnh ri fodulw|/ zh edvh rxu
sursrvlwlrqv dqg lqwhusuhwdwlrqv rq frqwudfw rhuv lq wkh ruglqdu| vhqvh
udwkhu wkdq phfkdqlvpv> wkh lqwhuhvwhg uhdghuv fdq qg lq wkh Dsshqgl{
d frxqwhu0h{dpsoh surylqj wkdw rxu dqdo|vlv jrhv wkurxjk zlwk frpshwlwlrq
lq Pdvnlq0Wluroh phfkdqlvpv +h1j1 qr0lqvxudqfh iru doo lv dq htxloleulxp,1 D
glhuhqfh zlwk wkh olwhudwxuh rq fuhghqfh jrrgv +h1j1 Hprqv ^8`,/ zkhuh wkh
klgghq sdudphwhu rqo| dhfwv wkh frqvxphu*v zloolqjqhvv0wr0sd|/ lv wkdw iru
yhu| qdwxudo uhdvrqv lq rxu prgho/ wkh frvw wr wkh h{shuw lv dovr dhfwhg1 Rxu
zrun fdq eh vhhq dv wkh frpprq ydoxh yhuvlrq ri wklv uhvhdufk duhd1 Vwloo/ wkh
whfkqltxhv lqyroyhg duh qhdwo| glhuhqw1 Lqwxlwlyho|/ wkh ghshqghqf| rq w|sh
ri wkh h{shuw*v surw vkrxog idflolwdwh surgxfw glhuhqwldwlrq/ khqfh/ vkrxog
8Dq xqhvvhqwldo gl￿huhqfh lv wkdw/ lq wkhlu dssolfdwlrq wr lqvxudqfh/ wkh lqiruphg sduw|
lv wkh srolf|kroghu1 Zh kdyh lq frpprq wkdw wkhuh lv rqh srolf|kroghu dqg vhyhudo lqvxuhuv1
8idyru lqirupdwlrq uhyhodwlrq1 Wklv lv qrw wkh fdvh1
5W k h P r g h o
D frqvxphu zlwk zhdowk ` lqfxuv wkh ulvn ri orvlqj d prqhwdu| dprxqw _
zlwk d fhuwdlq suredelolw| Lqlwldoo|/ wklv suredelolw| +wkh w|sh, lv nqrzq wr wkh
lqglylgxdo dqg wkh lqvxuhuv rqo| xs wr lwv glvwulexwlrq lq wkh srsxodwlrq19 Iru
wkh prphqw/ zh dvvxph wkdw wkh frqvxphu lv d kljk0ulvn w|sh +orvv suredelolw|
RM zlwk suredelolw| bM dqg d orz0ulvn w|sh +orvv suredelolw| Ru zkhuh RM :
Ru zlwk suredelolw| bu ' bM1: Dv vrrq dv wkh frqvxphu hqwhuv wkh
pdunhw/ wkh lqvxuhuv revhuyh klv w|sh vwulyh wr surylgh klp zlwk dq h{foxvlyh
frqwudfw1 Wkh frqfdyh YQP xwlolw| ixqfwlrq ri wkh djhqw lv ghqrwhg e| c
dqg wkh lqvxuhuv duh vxssrvhg wr eh ulvn0qhxwudo surw pd{lpl}huv1
Wkh lqvxuhuv duh lqgh{hg e| d vhw U ' ic2ccjc  2 Wkh vwhsv ri
wkh jdph duh wkh iroorzlqj=
41 Wkh w|sh ri wkh frqvxphu +M ru u, lv udqgrpo| vhohfwhg1
51 Doo lqvxuhuv uhfhlyh wkh vdph shuihfwo| lqirupdwlyh vljqdo +wkh w|sh,/
exw wkh frqvxphu uhpdlqv xqlqiruphg dw wklv vwdjh1
61 Wkh lqvxuhuv vlpxowdqhrxvo| rhu frqwudfwv1
71 Wkh frqvxphu revhuyhv wkh rhuv/ xsgdwhv klv sulruv/ dqg vhohfwv h{0
foxvlyho| wkh suhihuuhg rhu1 Kh fdq suhihu wkh uhvhuydwlrq frqwudfw1
81 Wkh orvv rffxuv ru qrw1 Wkh dffhswhg frqwudfw lv lpsohphqwhg dqg qdo
sd|rv duh uhdol}hg1
Wkh w|sh ri wkh frqvxphu lv frpprq ydoxh wr wkh sulqflsdo dqg wkh
djhqw= jlyhq d frqwudfw/ wkh frvw wr wkh lqvxuhu dqg wkh djhqw*v zloolqjqhvv0wr0
dffhsw duh w|sh0ghshqghqw1 Pruh jhqhudoo|/ wkh udqnlqj ehwzhhq wkh ydulrxv
9Wr irup d uhdvrqdeoh sulru rq wkh kd}dugv lqfxuuhg/ wkh frqvxphu uholhv rq wkh sxeol0
fdwlrq ri hslghplrorjlfdo vwxglhv/ lq vflhqwl￿f ru srsxodu irup/ dqg rq lqirupdwlrq0edvhg
fdpsdljqv lqflwlqj wr lqvxudqfh sxufkdvhv1
:H{whqvlrqv wr orvv glvwulexwlrqv zlwk odujh vxssruwv duh qrw vxevwdqwldoo| gl￿huhqw iru
rxu pdlq srlqw1 H{whqvlrqv wr pruh wkdq wzr w|shv/ krzhyhu/ qhfhvvlwdwh d sduwlfxodu
wuhdwphqw jlyhq lq Vhfwlrq 81
9frqwudfwv lv dovr w|sh0ghshqghqw iru lqvxuhuv dqg ghshqghqw rq dfwxdo eholhiv
iru wkh lqglylgxdo1
Ohw l eh wkh frqwudfw vsdfh +vshflhg odwhu,/ dqg ohw xv ghqrwh e| ￿ 5 l
lqvxuhu *v rhu1 Wkh lqwhusuhwdwlrq pdsslqj +ru vlpso| wkh eholhiv, ri wkh
lqvxuhg/ \c pdsv wkh vhw ri yhfwruv ri rhuv l￿ lqwr {EiMcujc wkh vhw ri
suredelolw| glvwulexwlrqv ryhu w|shv1 Khqfh/ ￿  E￿￿MU ehlqj d yhfwru ri
rhuv/ \E￿'E bME￿cb uE￿ uhsuhvhqwv wkh frqvxphu*v xsgdwhg sulruv/
zkhuh bgE￿ lv wkh suredelolw| +lq wkh frqvxphu*v plqg, ri ehlqj ri w|sh
g Ezlwk g 5i Mcuj dqg bME￿nbuE￿' ,1 Eholhiv \ duh hqgrjhqrxv
dqg nqrzq wr wkh lqvxuhuv1
Wkh uhvhuydwlrq frqwudfw f +khuh wkh uljkw wr uhpdlq xqlqvxuhg, sod|v
d ixqgdphqwdo uroh/ dv zh vkdoo vhh1 Lq dffrugdqfh zlwk wkh h{foxvlylw| dv0
vxpswlrq/ wkh ghflvlrq +ru ehvw uhvsrqvh wr wkh rhuv, ri wkh lqglylgxdo zloo
uhvshfw wkh iroorzlqj uxohv= jlyhq wkh uhylvhg sulruv / +d, dq| frqwudfw zklfk
lv vwulfwo| grplqdwhg lv qhyhu wdnhq> +e, li wkhuh duh wzr ru pruh rswlpdo frq0
wudfwv/ wkh lqglylgxdo fkrrvhv udqgrpo| dqg v|pphwulfdoo| dprqj rswlpdo
rhuv glhulqj iurp qr0lqvxudqfh1 Iru h{dpsoh/ hdfk lqvxuhu jdlqv sduwlflsd0
wlrq ri wkh djhqw zlwk suredelolw| * zkhqhyhu wkh| doo pdnh rswlpdo rhuv1
Qrwlfh wkdw rxu wlh0euhdnlqj uxoh hqvxuhv wkdw wkh vwudwhj| ri wkh lqglylgxdo
lv xqltxho| ghwhuplqhg e| klv eholhiv1 Wr { wkh whuplqrorj|/ dq rhu zloo
eh d frqwudfw dfwxdoo| sursrvhg e| dq lqvxuhu/ zkhuhdv wkh doorfdwlrq zloo eh
wkh +vhw ri, frqwudfw+v, dfwxdoo| dgrswhg e| wkh xwlolw|0pd{lpl}lqj frqvxphu
lq htxloleulxp1 Qr0lqvxudqfh lv qrw h{dfwo| olnh rwkhu frqwudfwv= zkhqhyhu
lw lv wkh htxloleulxp doorfdwlrq ri d fhuwdlq w|sh/ +e, hqvxuhv wkdw qr rwkhu
frqwudfw lv wdnhq lq htxloleulxp1
Zh irfxv rxu dqdo|vlv rq wkh Shuihfw Ed|hvldq Htxloleuld +SEH, lq sxuh
vwudwhjlhv1;
Ghqlwlrq 4 D SEH khuh zloo eh= +d, d vhw ri rhuv E￿W
M c￿W
u  zkhuh ￿W
g
lv wkh rhu wkdw sod|hu  pdnhv zkhq d g vkrzv xs dqg +e, d eholhi pdsslqj
\W vxfk wkdw=
41 Dfwlrqv duh vhtxhqwldoo| rswlpdo= iru dq| w|sh gc iru dq| lqvxuhu c ￿W
g
;Htxloleuld lq sxuh vwudwhjlhv derxqg/ wkhuhiruh zh ohdyh htxloleuld lq pl{hg vwudwhjlhv
+vrphwlphv fdoohg vhpl0vhsdudwlqj htxloleuld lq vljqdoolqj jdphv, dvlgh wr dyrlg frqixvlrq1
:pd{lpl}hv wkh surw ri sulqflsdo  lq l jlyhq +d, 
3￿W
g +wkh dfwlrqv ri
wkh rwkhu lqvxuhuv, dqg +e, \WE
3￿W
g c +lwv lpsdfw rq eholhiv jlyhq wkh
rwkhuv* dfwlrqv,1
51 Eholhiv duh frqvlvwhqw zlwk Ed|hv uxoh= li E￿W
M 'E ￿W
u  wkhq \W E￿W
M '
\W E￿W
u 'E bMcb u( hovh \W E￿W
M 'E  cf dqg \W E￿W
u 'E f c( wkh|
duh qrw uhvwulfwhg hovhzkhuh1
Wkuhh glhuhqw vwudwhj| vsdfhv duh lqyhvwljdwhg= lf iru wkh vlpsolflw|/
l￿ iru wkh uhdolvp/ dqg l2 wr vkrz wkh urexvwqhvv ri wkh uhvxowv1 Frqwudfwv
lq lf dqg l￿ duh gluhfwo| lqwhusuhwdeoh dv lqvxudqfh frqwudfwv= ￿ lq lf
ru l￿ vshflhv frqvxpswlrqv `￿
￿ lq fdvh ri orvv dqg `￿
￿ lq fdvh ri qr orvv
+￿  E`￿
￿c`￿
￿/ dqg lq sduwlfxodu f  E`  _c`< Zh rqo| frqvlghu
srvlwlyh lqvxudqfh frqwudfwv iru zklfk `￿  `  _ dqg `￿  ` Wkh
ixoo vhw ri lqvxudqfh frqwudfwv lv ghqrwhg e| l￿> lq sduwlfxodu ryhu0lqvxudqfh
+`￿ :` ￿ ru xqghu0lqvxudqfh +`￿ 	` ￿, frqwudfwv duh qrw h{foxghg1 Iru
vlpsoh dssolfdwlrqv/ lf zloo ghqrwh wkh vxevhw ri ixoo lqvxudqfh +l1h1 frqvwdqw
frqvxpswlrq/ ru `￿
￿ ' `￿
￿, frqwudfwv> wzr frqwudfwv lq wklv vhw rqo| glhu
e| wkh suhpld143 Ilqdoo|/ l2 lv wkh vhw ri phfkdqlvpv +ru jdph0irupv, dv lq
Pdvnlq dqg Wluroh ^44`1 Reylrxvo|/ lf # l￿ # l2
Iru dq| yhfwru ri rhuv ￿ lq l￿
f ru l￿
￿ c wkh olqhdulw| ri h{shfwhg xwlolw|
zlwk uhvshfw wr suredelolwlhv pdnhv wkh lqglylgxdo hydoxdwh frqwudfwv dv li klv
suredelolw| ri dfflghqw zhuh  RE￿  bME￿RM nbuE￿Ru zkhuh reylrxvo|
 RE￿ 5 dRucR Mo> e| h{whqvlrq/  RE￿ ehlqj d vx!flhqw vwdwlvwlf iru wkh hydo0
xdwlrq ri frqwudfwv/ lw zloo dovr eh fdoohg d eholhi> wkh zhdn suhihuhqfh rughu
ryhu lf ryhu lf wkdw lw lpsolhv zloo eh ghqrwhg e| ￿ RE￿￿￿  Lq wkh iroorzlqj/
 Rf  bM RM n bu Ru zloo ghqrwh wkh h{shfwhg w|sh dw wkh ehjlqqlqj ri wkh
jdph1
Vhfwlrq 6 vroyhv wkh prgho iru ixoo lqvxudqfh frqwudfwv +lf1 Vhfwlrq 7
jlyhv wkh jhqhudo phwkrgrorj|/ vroyhv wkh prgho iru ruglqdu| lqvxudqfh frq0
wudfwv +l￿c dqg suhvhqwv wkh pdlq sudfwlfdo lpsolfdwlrqv ri wkh prgho1 +Wkh
<Gh￿qlqj frqwudfwv lq whupv ri suhplxp +sdlg lq dgydqfh ehiruh wkh orvv lv nqrzq, dqg
lqghpqlw| +sdlg lq fdvh ri orvv, lv htxlydohqw1
43Qrwlfh wkdw F3 @ 5 ￿3= Vwloo/ qr lqvxudqfh uhpdlqv wkh uhvhuydwlrq frqwudfw lq wkh
vlpsol￿hg prgho dqg frpsohwlqj ￿3 zlwk F3 zrxog qrw vxvevwdqwldoo| fkdqjh wkh uhvxowv1
;Dsshqgl{ suryhv wkdw frpshwlwlrq lq phfkdqlvpvl2grhv qrw hqvxuh h!0
flhqf|,1 Vhfwlrq 8 rhuv dq h{whqvlrq wr pruh wkdq wzr w|shv ri lqglylgxdov/
dqg glvfxvvhv wkh frqwulexwlrq ri wkh wzr pdlq uhqhphqw idplolhv1 Wkh
frqfoxvlrq irfxvhv rq frpshwlwlrq srolf| dqg rq wkh whvwdelolw| ri wkh prgho1
6 Sulfh Frpshwlwlrq
Frqvwudlqlqj rhuv wr eh ixoo lqvxudqfh vlpsolhv wkh h{srvlwlrq/ dqg deryh
doo/ vhwv wkh ehvw frqglwlrqv iru frpshwlwlrq wr zrun h!flhqwo|= rhuv glhu0
lqj rqo| lq sulfh/ frpsdulvrqv duh qrw w|sh0ghshqghqw1 Krzhyhu/ zh vkrz
wkdw frpshwlwlrq grhv qrw ohdg qhfhvvdulo| wr htxloleuld zlwk glvfulplqdwlrq
+lqirupdwlrq lv qrw qhfhvvdulo| uhyhdohg, dqg htxloleulxp surwv duh qrw v|v0
whpdwlfdoo| }hur +wkh Ehuwudqg orjlf lv qrw ixoo| hhfwlyh,1
D ixoo lqvxudqfh frqwudfw zloo eh vlpso| ghqrwhg e| wkh frqwulexwlrq S
wkdw lv fkdujhg wr wkh frqvxphu/ wkh lqghpqlw| ehlqj htxdo wr _1I l y hf r q 0
wudfwv sod| d sduwlfxodu uroh= wkh plqlpdo frqwulexwlrqv fkdujhg e| udwlrqdo
sulqflsdov w|sh e| w|sh +S4￿?
M ' RM_ dqg S4￿?
u ' Ru_( wkh pd{lpdo frqwulex0
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n RfE`  _ +5,
Iru qrq0ghjhqhudwh glvwulexwlrqv= S4￿?
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614 Htxloleuld zlwk Glvfulplqdwlrq
Zh vwxg| uvw htxloleuld zkhuh glhuhqw w|shv duh wuhdwhg glhuhqwo|1
Sursrvlwlrq 4 Iru dq| jlyhq RMc wkhuh h{lvwv d wkuhvkrog f 	 	 Ru 	R M vxfk
wkdw=
41 Li Ru : 	 Ruc wkhq d vhsdudwlqj htxloleulxp lv qhfhvvdulo| idlu iru doo w|shv1
<51 Li Ru  	 Ruc wkhq d vhsdudwlqj htxloleulxp lv idlu iru uc exw M fdq uhfhlyh
hlwkhu qr0lqvxudqfh ru eh fkdujhg dq|wklqj ehwzhhq dS4￿?
M cS 4@ 
M o
Wkh uvw lpsruwdqw idfw lv wkdw wkh dfwxduldoo| idlu ixoo lqvxudqfh door0
fdwlrq lv dozd|v dq htxloleulxp= wkhq/ frpshwlwlrq zrunv dqg surwv duh
}hur1 Krzhyhu/ rwkhu w|shv ri htxloleuld dsshdu/ qrwdeo| wkrvh lqyroylqj wkh
kljk ulvn ehlqj hlwkhu h{sorlwhg +xqidlu suhplxp,/ ru qrw lqvxuhg1 Wkh fulw0
lfdo frpsdulvrq khuh lv wkdw ri S4@ 
u zlwk S4￿?
M G duh wkhuh/ ru qrw/ frqwudfwv
dffhswdeoh iru doo eholhiv dqg surwdeoh rq doo w|shvB Wkh dqvzhu ghshqgv
fulwlfdoo| rq wkh vxssruw ri wkh w|shv +l1h1 RMcR u1Q r w l f hw k d ww k hq x p e h u
ri lqvxuhuv lv luuhohydqw1
Dq lqwhusuhwdwlrq lv wkdw zkhq w|shv duh yhu| vlplodu/ eholhiv vkrxog qrw
sod| d pdmru uroh= orz ulvn lqglylgxdov duh qrw uhoxfwdqw wr dffhsw frqwudfwv
vxlwhg iru kljk ulvn/ wkh Ehuwudqg hhfw +sulfh lv htxdo wr frvw, lv vwurqj dqg
ghwhuplqhv hqwluho| wkh doorfdwlrq1 Zkhq w|shv duh yhu| glvvlplodu/ eholhiv
duh ixqgdphqwdo wr ghwhuplqh zkhwkhu dq rhu lv dffhswdeoh ru vkrxog eh
uhmhfwhg1 Wkh kljk0ulvn w|sh hlwkhu uhfhlyhv dq lqh!flhqw doorfdwlrq +qr0
lqvxudqfh htxloleulxp, ru lv fkdujhg wrr kljk d sulfh1 Lq wkh odwwhu fdvh/ d
up pd| fdswxuh doo wkh hfrqrplf uhqw zlwkrxw ehlqj vhulrxvo| wkuhdwhqhg
e| lwv frpshwlwruv1
Zkhqhyhu lw lv srvvleoh wkdw wkh frqvxphu lv qrw dw ulvn +Ru 'fdqg
bu : fc wkhq wkh frqwudfw wkdw wkh kljk ulvn jhwv pd| eh dq|wklqj iurp d
idlu frqwudfw wr d pd{lpdo sulfh frqwudfw/ soxv qr0lqvxudqfh1 Wklv vkrxog eh
f r p s d u h gw rw k hf d v hz k h u he h l q jdo r zu l v nl vq r ws r v v l e o h+ bu 'f ,= wkhq/
wkh rqo| htxloleulxp doorfdwlrq M lv dfwxduldoo| idlu1
615 Xqlirup Sulflqj lq Htxloleulxp
Lq d srrolqj htxloleulxp/ e| ghqlwlrq/ hdfk lqvxuhu fkdujhv wkh vdph sulfh
S￿W iru doo w|shv/ wkrxjk wzr glhuhqw lqvxuhuv frxog dsso| glhuhqw vwudwhjlhv1
Fohduo|/ +d, wkh doorfdwlrq lv wkh vdph iru doo w|shv/ vlqfh doo w|shv uhfhlyh
wkh vdph rhuv/ dqg xsgdwhg eholhiv duh wkh vdph iru doo> +e, wkh frqvxphu
uhfhlyhv dq doorfdwlrq wkdw glhuv iurp qr0lqvxudqfh +zkdwhyhu klv eholhiv/
d frqvxphu zrxog dffhsw dq| rhu zklfk lv surwdeoh dqg dffhswdeoh iru
wkh prvw ghpdqglqj eholhi Ruc wkxv frpshwlwlrq hqvxuhv wkdw w|sh0u djhqwv
43fdqqrw eh ohiw zlwk qr0lqvxudqfh/ dqg wklv vkrxog eh wuxh iru doo w|shv vlqfh
wkh htxloleulxp srrov w|shv wrjhwkhu,/ +f, doo lqvxuhuv rhu wkh vdph frqwudfw
SW +dq| lqvxuhu wkdw zrxog eh h{foxghgdqg hduq qr surwzrxog rqo|
kdyh wr rhu d voljkwo| surwdeoh frqwudfw zkhq d u vkrzv xs wr eh ehwwhu0r
dqg euhdn wkh htxloleulxp,1 Pruhryhu/ +g, SW pxvw surwdeoh rq doo w|shv/
dqg dffhswdeoh iru wkh dyhudjh w|sh +wkh frqvxphu nhhsv klv sulruv,/ wklv
phdqv SW 5 dRM_cS￿ Rfoc dqg +h, hdfk lqvxuhu frpsduhv wkh ydoxh ri sod|lqj
wkh frooxvlyh pryh SW +exw hduqlqj wkh surw zlwk suredelolw| * zlwk wkh
surw dvvrfldwhg zlwk dwwudfwlqj d w|sh0g frqvxphu iru vxuh/ wklv lpsrvhv
SW3Rg_
￿  S4@ 
u  Rg_cg ' Mcu
Srrolqj htxloleuld duh edvhg rq wdflw frooxvlrq= qr lqvxuhu zdqwv wr xqghu0
fxw sulfh vlqfh wklv zrxog surgxfh dgyhuvh hhfwv rq wkh zloolqjqhvv0wr0sd|
ri wkh frqvxphu1 Khqfh/ surylghg wkhuh h{lvw frqwudfwv vdwlvi|lqj +g, dqg
+h,/ d srrolqj htxloleulxp h{lvwv1 Dq h{dpsoh ri dssursuldwh eholhiv lv wkh
iroorzlqj= iru yhfwruv ri rhu glhulqj iurp ESWcS WccS Wc ohw wkh lqglylgxdo
eholhyh wkdw kh lv d orz ulvn +ohvv h{wuhph eholhiv duh dovr srvvleoh,1 Wklv wrr
rswlplvwlf dwwlwxgh glvfrxudjhv ghyldwlrqv vlqfh wkh lqglylgxdo*v zloolqjqhvv0
wr0sd| iru lqvxudqfh lv plqlpdo1 Wkh lqvxuhu vhhv ghyldwlrqv hlwkhu dv qrq
surwdeoh/ ru/ dv qrw dffhswdeoh +jlyhq wkh eholhiv,1
Zh dqdo|}h qrz wkh ghshqghqf| ri h{lvwhqfh rq wkh iroorzlqj sdudphwhuv=
RMcR ucb M Eru/ htxlydohqwo|/ buc dqg 
Sursrvlwlrq 5 Vwdwhphqwv duh jlyhq fhwhulv sdulexv1
41 Wkh vhw ri srrolqj doorfdwlrqv hqodujhv dv wkh sursruwlrq ri kljk0ulvn
frqvxphuv lqfuhdvhv1
51 Lq d jlyhq pdunhw zkhuh Ru : f/ wkhuh lv d qlwh xsshu olplw rq 
frqvlvwhqw zlwk srrolqj htxloleuld1
61 Iru dq| c li wkh orz0ulvn orvv suredelolw| dqg wkh sursruwlrq ri orz0ulvn
frqvxphuv duh vpdoo hqrxjk/ wkhuh lv dw ohdvw rqh srrolqj htxloleulxp1
71 Lq d jlyhq pdunhw zkhuh Ru 'f c li wkh sursruwlrq ri orz0ulvn frqvxphuv
lv orz hqrxjk/ wkhq zkdwhyhu c wkhuh h{lvwv d ohdvw rqh srrolqj htxl0
oleulxp1
44Wkrxjk lw pd| vhhp qdwxudo wkdw vxfk doorfdwlrqv fdqqrw eh vxvwdlqhg
zlwk d odujh qxpehu ri lqvxuhuv/ wkh lqwxlwlrq lv frxqwhuedodqfhg e| wkh idfw
wkdw euhdnlqj wkh frooxvlrq iru orz0surw orz0ulvn frqvxphuv lv qrw qhfhvvdulo|
dwwudfwlyh1 Lqghhg/ wkh phuh srvvlelolw| lq wkh frqvxphu*v plqg ri ehlqj d
yhu| orz suredelolw| w|sh dozd|v fdxvh h{lvwhqfh ri d srrolqj htxloleulxp1
Wklv uhvxow pd| kdyh frqvlghudeoh sudfwlfdo lpsruwdqfh vlqfh wkh suhvhqfh
+lq zkdwhyhu sursruwlrq, ri yhu| orz ulvn lqglylgxdov lv d uhdvrqdeoh vfhqdulr
lq prvw lqvxudqfh pdunhwv= xqghu wkhvh flufxpvwdqfhv/ qrq0glvfulplqdwlrq
dqg surwdeoh rhuv kdyh wr eh h{shfwhg1
7 D Jhqhudo Phwkrgrorj|
714 Grplqdqw Frqwudfwv
Frqwudfwv zklfk duh reylrxvo| lqh!flhqw iru wkh lqvxuhu rhulqj wkhp dqg
iru wkh lqglylgxdo vkrxog qhyhu eh sursrvhg1 Zh ghqh wzr sduwldo rughuv
ryhu wkh vhw ri frqwudfwv +uvw0 dqg vhfrqg0ghjuhh grplqdqfh, wkdw zloo vhuyh
dv exloglqj0eorfnv iru wkh fkdudfwhul}dwlrq ri wkh htxloleuld1 Zh ghqh uvw
vrph xvhixo yrfdexodu|1
DE RGiru dq| eholhi  R/ DE R ghqrwhv wkh vhw ri dffhswdeoh frq0
wudfwv/ l1h1 suhihudeoh lq wkh zhdn vhqvh wr qr0lqvxudqfh +qrwlfh
wkdw DE R lv vwulfwo| lqfuhdvlqj zlwk uhvshfw wr  R=
DE R 





ZgEGwkh +h{shfwhg, surw pdgh rq w|sh g li wkh frqwudfw
 'E `￿c` ￿ lv wdnhqG
ZgE  E  RgE`  `￿nRg E`  _  `￿ +7,
SgEZ dqg SgEZGwkh rshq/ uhvs1 forvhg/ vhw ri frqwudfwv lq l￿
|lhoglqj d vwulfwo|/ uhvs1 zhdno|/ kljkhu surw wkdq Z rq w|sh g1
Irupdoo|=
SgEZ i  m ZgE :Z ( 5 l￿j +8,
SgEZ i  m ZgE  Z( 5 l￿j +9,
45DI
g G wkh dfwxduldoo| idlu +@ }hur surw, ixoo0lqvxudqfh frqwudfw
ri w|sh g1
4@ 
g G wkh frqwudfw h{wudfwlqj pd{lpdo surw xqghu v|pphwulf
lqirupdwlrq +vhh htxdwlrq 4, rq w|sh g1
Wkh qrwlrqv ghqhg deryh duh uhsuhvhqwhg lq wkh sodqh E`￿c`￿c qr0
lqvxudqfh E`  _c` ehlqj wkh ruljlq +vhh Iljxuh,1 Wkh devflvvd lv wkh
qhw lqghpqlw| +lqghpqlw| plqxv suhsdlg suhplxp,/ dqg wkh ruglqdwh lv wkh
suhplxp> l￿ fruuhvsrqgv h{dfwo| wr wkh uvw txdgudqw1 Zkdwhyhu klv eholhiv/
wkh djhqw*v xwlolw| lqfuhdvhv dv zh pryh grzqzdugv ru uljkwzdug1 cLg*l q g l 0
fdwhv d w|sh0g lqglhuhqfh fxuyh> cL￿ Rf* lv dq lqglhuhqfh fxuyh ri wkh dyhudjh
w|sh> cg* lqglfdwhv d w|sh0g lvrsurw vwudljkw olqh> SgEZgE lv wkh rshq
kdoi0sodqh zklfk lv erxqghg ehorz e| wkh lvrsurw olqh sdvvlqj wkurxjk 1
Lqvhuw Iljxuh Khuh
Ghqlwlrq 5 +Ig, D frqwudfw  lq l￿ lv uvw0ghjuhh grplqdwhg iru w|sh g
li dqg rqo| li wkhuh h{lvwv d frqwudfw ￿ lq l￿ zklfk +d, lv vwulfwo| surwdeoh
rq w|sh gc +e, iru doo eholhiv lq wkh lqwhuydo dRucR Mo/ lv vwulfwo| suhihuuhg wr
/ dqg zklfk +f, lv vwulfwo| suhihuuhg wr qr0lqvxudqfh1 Irupdoo|=
ZgE
￿ : f dqg ; R 5 dRucR MoG
￿ "￿ R c
￿ "￿ R 
f +:,
Ig lv wkh vhw ri frqwudfwv zklfk duh uvw0ghjuhh grplqdqw +l1h1 qrw uvw0ghjuhh
grplqdwhg, iru w|sh g1
Iluvw0ghjuhh grplqdwhg frqwudfwv fdqqrw eh rhuhg lq htxloleulxp e| dq
lqvxuhu li dq rwkhu lqvxuhu grhv qrw pdnh d vwulfwo| srvlwlyh surw1 Lq frqwudvw/
d frqwudfw lq Ig lv urexvw wr h{whuqdo wkuhdwv= lw lv d qdwxudo fdqglgdwh dv
wkh rhu wr w|sh0g lqglylgxdov lq dq htxloleulxp zkhuh rqh lqvxuhu ru dq|
qxpehu ri lqvxuhuv duh deoh wr fdswxuh wkhvh frqvxphuv zlwk fhuwdlqw|1
Ghqlwlrq 6 +Vg, D frqwudfw  lq l￿ lv vhfrqg0ghjuhh grplqdwhg iru w|sh
g li dqg rqo| li wkhuh h{lvwv d frqwudfw ￿ lq l￿ iru zklfk +d, wkh surw rq
g lv vwulfwo| odujhu wkdq * wk ri wkh surw ri  rq gc dqg zklfk/ +e, iru
46dq| eholhiv lq wkh lqwhuydo dRucR Mo/ lv vwulfwo| suhihuuhg wr  dqg +f, lv vwulfwo|
suhihuuhg wr qr0lqvxudqfh1 Irupdoo|=
ZgE
￿ :Z gE* dqg ; R 5 dRucR MoG
￿ "￿ R c
￿ "￿ R 
f +;,
Vg lv wkh vhw ri frqwudfwv zklfk duh vhfrqg0ghjuhh grplqdqw +l1h1 qrw vhfrqg0
ghjuhh grplqdwhg, iru w|sh g1
Vhfrqg0ghjuhh grplqdwhg frqwudfwv fdqqrw eh rhuhg lq d wrwdoo| frooxvlyh
htxloleulxp +l1h1 zkhuh wkh folhqw fkrrvhv hdfk lqvxuhu zlwk suredelolw| *,=
dq| lqvxuhu zrxog suhihu wr ghyldwh dqg rhu ￿ zkhq d w|sh0g lqglylgxdo
vkrzv xs1 0yhfwruv ri rhuv lq Vg +surylghg wkhuh h{lvwv d fhuwdlq eholhiv iru
zklfk wkh| duh doo htxlydohqw, duh wkh qdwxudo fdqglgdwhv dv rhuv wr w|sh0g
lqglylgxdov lq dq htxloleulxp zkhuh wkh lqvxuhuv vkduh wkh folhqwv ri wkdw w|sh1
Lq rwkhu whupv/ frqwudfwv lq Vg duh urexvw wr lqwhuqdo wkuhdwv/ l1h1 ghyldwlrqv
iurp lqvxuhuv sduwlflsdwlqj wr wkh frooxvlrq1
Qrwlfh wkdw uvw0ghjuhh grplqdqw frqwudfwv iru d fhuwdlq w|sh duh qhfhv0
vdulo| vhfrqg0ghjuhh grplqdqw iru wkdw w|sh +Ig V g,1 Wkh wkhruhpv gudz
jhqhudo fkdudfwhul}dwlrq ri wkh htxloleuld zklfk duh dssolfdeoh wr dq| frqwudfw
vhwc surylghg Ig dqg Vg duh dgdswhg1 Wkh sursrvlwlrqv uhvwdwh wkh uhvxowv
lq whupv ri lqvxudqfh frqwudfwv1
715 Vhsdudwlqj Htxloleuld
Ohw ￿W
g eh wkh frqwudfw rhuhg e| lqvxuhu  iru w|sh0g djhqwv lq d vhsdudwlqj
htxloleulxp> Z￿W
g ghqrwhv wkh fruuhvsrqglqj htxloleulxp surw1
Wkhruhp 4 Ohw ￿W
M dqg ￿W
u eh wzr glhuhqw yhfwruv> +￿W
M c￿W
u  lv vxssruwhg
lq d vhsdudwlqj htxloleulxp li dqg rqo| li/ iru dq| gc rqh ri wkh iroorzlqj wzr
frqglwlrqv lv vdwlvhg=
41 +d, Wkh ehvw frqwudfw iru eholhi Rg lq ￿W
g ^f lv surwdeoh/ dffhswdeoh/
dqg uvw0ghjuhh grplqdqw iru w|sh g +e, Hlwkhu f ru wzr frqwudfwv
+dw ohdvw, lq ￿W
g duh dffhswdeoh iru w|sh g dqg uvw0ghjuhh grplqdqw
iru w|sh g +f, Surylghg +e, lv vdwlvhg/ wkh frqwudfwv qrw wdnhq lq
htxloleulxp duh rqo| uhvwulfwhg wr eh vwulfwo| ohvv ghvludeoh iru eholhi Rg
wkdq wkh htxloleulxp doorfdwlrq1
4751 Doo frqwudfwv lq ￿W
g duh htxlydohqw dqg dffhswdeoh iru eholhi Rgc dqg
vhfrqg ghjuhh0grplqdqw iru w|sh g
Pruhryhu/ wkh vhw ri eholhiv vxvwdlqlqj wkh fruuhvsrqglqj doorfdwlrq lv frq0
yh{1
F d v h v4d q g5f r y h u+ e x wg rq r ws d u w l w l r qv l q f hIg V g,w k hv h wr i
htxloleuld= hlwkhu fhuwdlq ru qrqh ri wkh rhuv duh uhmhfwhg lq htxloleulxp1 Lq
hdfk w|sh ri htxloleulxp/ rqh pxvw pdnh vxuh wkdw wkh rhuv dffhswhg zlwk
srvlwlyh suredelolw| duh vx!flhqwo| vwdeoh= li wkh suhihuuhg frqwudfwv zhuh
qrw uvw0 ru vhfrqg0ghjuhh grplqdqw/ wkhq reylrxv ghyldwlrqv zrxog eh
srvvleoh iru dw ohdvw rqh ri wkh lqvxuhuv +uhmhfwhg lqvxuhuv iru 4/ dq| lqvxuhu lq
wkh frooxvlrq lq 5,/ dqg zrxog eh dffhswhg zkdwhyhu wkh vxevhtxhqw eholhiv1
Lq frqglwlrq 4/ +d, lqglfdwhv wkdw wkh doorfdwlrq pxvw eh vx!flhqwo| urexvw
wr h{whuqdo wkuhdwv/ +e, vd|v wkdw wkh ehvw rhu lv eorfnhg e| wkh suhvhqfh
ri vhfrqg ehvw rhuv +qr0lqvxudqfh ru qrq0wulyldo rhuv,/ +f, vd|v wkdw wkh
rwkhu frqwudfwv duh luuhohydqw1 Frqglwlrq 5 ghdov zlwk frooxvlyh htxloleuld= qr
lqvxuhu zrxog olnh wr euhdn wkh surwdeoh duudqjhphqw1
Li zh irfxv rq doorfdwlrqv rqo|/ wkh wkhruhp suryhv wkdq dq| frqwudfw lq
l￿ zklfk lv surwdeoh dqg dffhswdeoh iru w|sh gc dqg uvw0ghjuhh ru vhfrqg0
ghjuhh grplqdqw iru w|sh g lv dq htxloleulxp doorfdwlrq iru w|sh g Dv d
sduwlfxodu fdvh/ f lv dq htxloleulxp doorfdwlrq li dqg rqo| li lw lv uvw0ghjuhh
grplqdqw iru w|sh g
Zkhqhyhu lqvxudqfh frqwudfwv lq wkh ruglqdu| vhqvh +l1h1 frqwudfwv lq l￿
duh frqvlghuhg/ zh fdq jr ixuwkhu e| glvwlqjxlvklqj wkuhh ghjuhhv ri sur{lplw|
ehwzhhq w|shv=
G= W|shv duh Glvwdqw li dqg rqo| li qr surwdeoh frqwudfw rq M lv
dffhswdeoh iru dq lqglylgxdo eholhylqj kh lv d u zlwk suredelolw|
rqh1
ZU= W|shv duh Zhdno| Uhodwhg li dqg rqo| li/ dw wkh idlu sulfh
ri wkh kljk ulvn/ pdujlqdo lqvxudqfh lv dffhswdeoh iru wkh orz









48FU= W|shv duh Forvho| Uhodwhg zkhq wkh idlu ixoo lqvxudqfh ri
wkh kljk ulvn lv dffhswdeoh wr wkh orz ulvn/ l1h1 DI
M Ru f














￿3RM Zh kdyh qrz dq rughuhg sduwlwlrq= jlyhq RM/
lw lv qhfhvvdu| dqg vx!flhqw wr pdnh Ru sdvv iurp 3 xs wr RM iru sdvvlqj
iurp uhjlph G wr uhjlph ZU d q gw k h qw ru h j l p hFU> frqyhuvho|/ jlyhq Ru/
lw lv qhfhvvdu| dqg vx!flhqw wr pdnh RM sdvv iurp 4 grzq wr Ru iru sdvvlqj
wkurxjk wkh wkuhh uhjlphv1
Wkh iroorzlqj sursrvlwlrq h{sodlqv zk| u lv uhodwlyho| zhoo wuhdwhg lq
vhsdudwlqj htxloleuld1 Edvlfdoo|/ wkh surri fkdudfwhul}hv Ig dqg Vg1W k h
sursrvlwlrq vwdwhv wkh prvw dssduhqw uhvxowv1 Uhdghuv lqwhuhvwhg lq pruh
ghwdlov frqfhuqlqj wkh vwuxfwxuh ri wkh htxloleuld fdq uhihu wr wkh ghyhorsphqwv
lq wkh Dsshqgl{1
Sursrvlwlrq 6 Lq d vhsdudwlqj htxloleulxp=
41 Wzr +ru pruh, rhuv wr wkh orz ulvn duh idlu1 Erwk jlyh ixoo ru ryhu0
lqvxudqfh dqg rqh +dw ohdvw,/ vd| ￿c lv wdnhq lq htxloleulxp1 Wkh htxl0
oleulxp doorfdwlrq frqwdlqv ￿ soxv/ srvvleo|/ rwkhu frqwudfwv/ surylghg
wkh| duh dffhswdeoh/ vwulfwo| surwdeoh/ dqg htxlydohqw wr ￿ iru eholhi
Ru
51 Iru wkh kljk ulvn/ hlwkhu G dqg dq| frqwudfw zklfk lv surwdeoh rq
M dqg dffhswdeoh iru eholhi RM lv doorfdwhg wr M lq dq htxloleulxp/ ru
ZU/ dqg fhuwdlq +qrw doo, frqwudfwv surwdeoh rq M dqg dffhswdeoh iru
eholhi RM duh dq htxloleulxp doorfdwlrq/ ru FU/ dqg hyhu|wklqj lv dv
4z l w kM lqvwhdg ri uc h{fhsw wkdw wkh idlu frqwudfwv pd| dovr surylgh
xqghu0lqvxudqfh1
Ixoo idlu lqvxudqfh iru doo lv dozd|v dq htxloleulxp/ exw qhyhu wkh rqo|
rqh1 Lq wkh sulfh frpshwlwlrq yhuvlrq ri wklv prgho/ zh vdz wkdw sulfhv
pljkw qrw eh idlu ehfdxvh ehwwhu rhuv frxog eh vhhq zlwk glvwuxvw/ dqg
glvfrxudjhg1 Khuh lqh!flhqf| lv djjudydwhg vlqfh wkh txdolw| ri fryhudjh pd|
eh vxerswlpdo iru erwk w|shv1 Wkh uhvwulfwlrqv rq wkh doorfdwlrq wr u +dqg
wkhuhiruh wr M lq fdvh FU, vkrz wkdw li wkh idlu frqwudfw lq wkh doorfdwlrq lv
49qrw ixoo lqvxudqfh/ wkhq rwkhu htxlydohqw frqwudfwv rhulqj d ehwwhu fryhudjh
+udwkhu wkdq ryhu0lqvxudqfh, iru d kljkhu sulfh pd| eh lq wkh doorfdwlrq1
Qhyhuwkhohvv/ zkhq w|shv duh forvho| uhodwhg/ eholhiv gr qrw pdwwhu yhu|
pxfk dqg wkh doorfdwlrq lv uhodwlyho| h!flhqw1 Fdvh G lv sduwlfxoduo| lq0
whuhvwlqj= li wkh orz ulvn lv vx!flhqwo| orz/ wkh frqvxphu pd| ehfrph vr
rswlplvwlf wkdw/ li kh wxuqv rxw wr eh d kljk ulvn/ kh vsrlov wkh frpshwlwlrq
ehwzhhq wkh lqvxuhuv dqg hqgv xs zlwk lqvx!flhqw fryhudjh1 Lq wkh h{whqvlrq
wr pruh wkdq wzr w|shv +Vhfwlrq 8,/ zh vkrz wkdw M dqg u f d qe hv h h qd vw k h
h{wuhph w|shv lq d odujh vxssruw1 Lq wklv ylhz/ fdvh G ehfrphv jhqhulf dqg
wkh vwurqjhvw lqh!flhqflhv +lqvx!flhqw fryhudjh dqg fdswxuh ri wkh surw e|
wkh lqvxuhuv, kdyh wr eh h{shfwhg lq prvw pdunhwv1
716 Srrolqj Htxloleuld
D srrolqj htxloleulxp lv d yhfwru ri frqwudfwv ￿W zklfk duh rhuhg wr erwk
w|shv zlwkrxw glvfulplqdwlrq1 Wzr lqvxuhuv pd| rhu glhuhqw frqwudfwv1
Zh ghqrwh e| Z￿W
M dqg Z￿W
u wkh htxloleulxp surwv/ zklfk/ dffruglqj wr wkh wlh0
euhdnlqj uxoh/ duh vxfk wkdw= li frqwudfw ￿W lv qrw wdnhq/ wkhq/ Z￿W
M dqg Z￿W
u duh
}hur> li doo frqwudfwv duh wdnhq zlwk srvlwlyh suredelolw|/ Z￿W
M ' ZME￿W* dqg
Z￿W
u ' ZuE￿W*c iurp wkh dvvxpswlrq wkdw wkh lqglylgxdo fkrrvhv udqgrpo|
zkhq kh lv lqglhuhqw> li frqwudfw ￿W lv h{foxvlyho| wdnhq/ Z￿W
M ' ZME￿W dqg
Z￿W
u ' ZuE￿Wc hwf1
Wkhruhp 5 Wkh iroorzlqj frqglwlrqv duh qhfhvvdu| dqg vx!flhqw iru ￿W
wr eh d srrolqj htxloleulxp=
41 Xqlirup sulflqj1 Wkh htxloleulxp doorfdwlrq lv wkh vdph iru doo w|shv1
51 Qrq0wulyldolw|1 Wkh frqvxphu uhfhlyhv dq doorfdwlrq wkdw glhuv iurp
qr0lqvxudqfh1
61 V|pphwu|1 Wkh frqvxphu lv lqglhuhqw ehwzhhq doo rhuv iru sulru
eholhiv1
71 Udwlrqdolw|1 Iru dq|  G ￿W lv surwdeoh rq M dqg u dqg ￿W lv
dffhswdeoh iru wkh dyhudjh w|sh1
4:81 Lqfhqwlyhv1 Iru dq| c ￿W lv vhfrqg0ghjuhh grplqdqw iru M dqg u
Wkh vhwv ri eholhiv vxvwdlqlqj wkh fruuhvsrqglqj doorfdwlrq lv frqyh{1
Vhh Sursrvlwlrq BB iru vlplodu uhvxowv1 Qrwlfh wkdw wkh v|pphwu| surshuw|
lpsrvhv lqglhuhqfh/ zklfk lv wkh qdwxudo h{whqvlrq ri htxdolw| wr wklv pxowl0
glphqvlrqdo yhuvlrq1 Frqfhuqlqj wkh lqfhqwlyhv/ wkh dssursuldwh qrwlrq lv
vhfrqg0rughu grplqdqfh= lqghhg/ li rqh ri wkh frqwudfwv zhuh qrw vhfrqg0
ghjuhh grplqdqw iru vrph w|sh/ vd| ￿W * 5V gc wkhuh zrxog h{lvw d frqwudfw
￿ zklfk lv d ehwwhu pryh iru  wkdq ￿W dw ohdvw li d w|sh0g lqglylgxdo vkrzv
xs1
Wkh frpsdudwlyh vwdwlfv ri h{lvwhqfh iroorzv wkh vdph orjlf dv iru sulfh
frpshwlwlrq1 Wr dyrlg uhshwlwlrq/ wkh uhdghu lv lqylwhg wr uhihu wr Vxevhfwlrq
6151 Wkh sdudgr{ lv wkdw wkhuh dozd|v h{lvw srrolqj htxloleuld zkhq wkh orvv
suredelolw| ri wkh orz ulvn lv vpdoo= wkh srvvlelolw| ri ehlqj d yhu| orz ulvn
vxssruwv h{djjhudwhgo| rswlplvwlf eholhiv wkdw glvfrxudjh vhulrxv frpshwl0
wlrq1
Lqvxuhuv zrxog qhyhu dffhsw orvvhv rq kljk0ulvn lqglylgxdov/ wkhuhiruh wkh
uvw0ehvw doorfdwlrq wkdw zrxog surylgh ixoo lqvxudqfh dw dq dyhudjh idlu sulfh
lv qrw dq htxloleulxp1 Dq| srrolqj htxloleulxp jlyhv d srvlwlyh surw rq erwk
w|shv wr wkh lqvxuhuv/ dqg wkh devhqfh ri glvfulplqdwlrq fdq rqo| suryh wkh
devhqfh ri frpshwlwlyh suhvvxuh1
8H { w h q v l r q v
814 Pruh Wkdq Wzr W|shv
Wkh jdph lv wkh vdph exw qrz wkh vxssruw ri w|shv lv odujh1 Zh suryh
wkdw/ iru dq| w|sh/ wkh vhw ri doorfdwlrqv kh fdq uhfhlyh lqfuhdvhv zkhq wkh
vxssruw ri wkh sulru glvwulexwlrq lqfuhdvhv1 Uhwurvshfwlyho|/ M dqg u lq wkh
wzr0w|sh vwxg| fdq eh frqvlghuhg dv d sduwlfxodu sdlu ri wkh pruh jhqhudo
glvwulexwlrq1
Ohw xv frqvlghu d qlwh vxssruw ri w|sh/ ghqrwhg e| N/d q go h wa dqg g eh
jhqhulf w|shv1 Ohw ba dqg bg/ wkh sulru suredelolwlhv ri a dqg gc eh vwulfwo|
srvlwlyh Ohw xv frqvlghu wkh wzr0w|sh frqglwlrqdo jdph zkhuh wkh vxssruw





banbg Zh ghqrwh wkh vhw ri htxloleulxp yhfwruv
ri vwudwhjlhv ri wklv jdph dv HEacg1 +Vhh Vhfwlrq 7 iru ghwdlov rq HEacg
D jhqhulf hohphqw ri wklv vhw lv ghqrwhg e| +￿
ac￿
gc zkhuh/ h1j1/ ￿
a zrxog
eh lqvxuhu *v rhu li d a hqwhuv wkh pdunhw1
Sursrvlwlrq 7 Ohw xv sduwlwlrq duelwudulo| N lq sdluv dqg vlqjohwrqv/ dqg
ghqrwh e| Earcg r wkh rwk sdlu +d vlqjohwrq li ar ' grc zlwk r 5 7c 7
ehlqj d plqlpdo vhw ri lqglfhv Ohw xv qrz vhohfw dq htxloleulxp vwudwhj| ri
wkh frqglwlrqdo jdph iru hdfk sdlu ri w|shv +￿
arc￿
gr 5H Earcg r Hl0
wkhu +￿
arc￿
grrM7c ru dq duelwudulo| forvh dssur{lpdwlrq/ lv dq htxloleulxp
vwudwhj| ri wkh ixoo0vxssruw jdph1
Wkhuh duh rwkhu w|shv ri htxloleuld/ zkhuh jurxslqjv frqfhuq wkuhh ru pruh
w|shv1 Lq vslwh ri wkh vlqjoh0furvvlqj surshuw| h{klelwhg e| wkh sulqflsdov*
suhihuhqfhv dqg e| wkh frqvxphuv*/ srrolqj qhhg qrw jurxs w|shv wkdw duh
forvh lq wkh vxssruw1 Lq d irxu0w|sh hfrqrp|/ iru h{dpsoh/ h{wuhph w|shv fdq
irup rqh srrolqj dqg lqwhuphgldwh rqhv dq rwkhu1
Wkh uhvxow srlqwv dw dq hvvhqwldo phfkdqlvp ehklqg pxowl0vhqghuv htxl0
oleuld= wkh| hqwdlo d kljk ghjuhh ri frruglqdwlrq rq wkh w|sh ri wkh frqvxphu/
zklfk lv d sxeolf vljqdo1 Lq frqvhtxhqfh/ hdfk lqvxuhu kdv d vpdoo lq xhqfh
lq jhqhudo/ dqg riwhq qrqh/ rq wkh doorfdwlrq= lw lv yluwxdoo| irufhg wr doljq
lwv rhu wr wkh rwkhuv*/ hyhq li fhuwdlq ghyldwlrqv frxog eh yhu| ydoxdeoh1
815 Uhqhphqwv
Uhqhphqwv duh frqfhlyhg iru holplqdwlqj htxloleuld zklfk duh vxssruwhg e|
vrphkrz xquhdvrqdeoh eholhiv1 Zh vkdoo qrw frqwulexwh wr wkh orqj olvw ri
h{lvwlqj uhqhphqwv= wkh| duh doo edvhg rq wzr w|shv dujxphqwv/ wkh uvw
irfxvvlqj rq wkh sulqflsdov* lqfhqwlyhv/ wkh vhfrqg ehlqj gluhfwo| frqfhuqhg
zlwk wkh uhyhodwlrq ri lqirupdwlrq1
Lqfhqwlyh Edvhg Uhqhphqwv Lq wkhvh uhqhphqwv/ rqh vwduwv iurp wkh
htxloleulxp doorfdwlrq dqg wulhv wr vhh zkdw w|shv ri sulqflsdov zrxog jdlq
iurp sod|lqj d ghyldwlrq/ l1h1 d pryh wkdw lv qrw sod|hg lq htxloleulxp1 Eholhiv
4<dvvrfldwhg vkrxog qrw sxw pdvv rq wkh w|shv wkdw gr qrw jdlq1 Wkh glhuhqw
yhuvlrqv ri wklv uhqhphqw ydu| rq zkdw jdlq h{dfwo| phdqv/ qdpho|/ zkdw
vruw ri uhdfwlrq iurp wkh sduw ri wkh xqlqiruphg djhqw vkrxog eh h{shfwhg
wr frpsxwh wkh sd|r frqvlvwhqwo|1 Wkh h{dpsoh wkdw zh zloo ghyhors lv
wkh Lqwxlwlyh Fulwhulxp ri Fkr dqg Nuhsv ^6`/ qrwrulrxvo| h!flhqw lq pdq|
vljqdoolqj jdphv +vhh Yloohqhxyh ^49` iru wkh prqrsro| yhuvlrq ri wkh lqiruphg
lqvxuhuv,1
Zh dsso| wkh fodvvlfdo ghqlwlrq44 lq wkh iroorzlqj zd|= lq doo htxlole0
uld/ zh yhuli| wkdw wkh frqwulexwlrq wr eholhiv ri dq| lqvxuhu lv uhdvrqdeoh1
Rwkhuzlvh vwdwhg/ li ￿W
M dqg ￿W
u duh htxloleulxp yhfwruv ri rhuv/ eholhiv  R
duh uhdvrqdeoh li dqg rqo| li iru dq|  dqg iru dq| g/e h o l h i v RE
3￿W
g c duh
uhdvrqdeoh dv idu dv lqvxuhu *v ehkdylru lv frqfhuqhg1
Sursrvlwlrq 8 D SEH doorfdwlrq lv urexvw wr wkh Fkr0Nuhsv fulwhulxp li
dqg rqo| li +4, lw lv vhsdudwlqj dqg +5, lw dvvljqv wkh dfwxduldoo| idlu ixoo
lqvxudqfh frqwudfw wr wkh orz0ulvn w|sh1
Dfhuwdlq ghjuhh ri h!flhqf| lv uhdfkhg yld wkh uhqhphqw1 Qrq0glvfulplqdwlqj
htxloleuld duh holplqdwhg/ dv zhoo dv ryhu0surylvlrq ri lqvxudqfh iru wkh orz ulvn
lq vhsdudwlqj htxloleuld1 Krzhyhu/ erwk frooxvlrq djdlqvw M dqg qr0lqvxudqfh
iru M duh urexvw djdlqvw wkh uhqhphqw1
Wkh idloxuh fdq eh xqghuvwrrg dv iroorzv1 Vlqjoh0furvvlqj dujxphqwv duh
qrw hdvlo| dssolhg lq wkh jdph= hyhq li wkh kljk ulvn lv qrw lqvxuhg zkhuhdv
wkh orz ulvn lv frpsohwho| lqvxuhg dw d idlu sulfh/ ghyldwlrqv wkdw duh idyrudeoh
wr wkh kljk0ulvn frqvxphu +frqwudfwv ehwwhu wkdq qr0lqvxudqfh, duh w|slfdoo|
idyrudeoh wr wkh lqvxuhu zkdwhyhu wkh djhqw*v uhdo w|sh1
Uhyhodwlrq Edvhg Uhqhphqwv Wklv fdwhjru| lv sduwlfxodu wr pxowl0
sulqflsdov hqylurqphqwv1 Wkh lghd lv wkdw lq d jlyhq htxloleulxp/ yhfwruv ri
44Ohw xv wdnh d SEH1 Jlyhq d w|sh N/ vrph sursrvlwlrqv ri wkh lqvxuhu zrxog ohdg lw wr
hduq/ zkdwhyhu wkh vxevhtxhqw eholhiv ri wkh djhqw surylghg kh dfwv rswlpdoo| frqglwlrqdo
rq wkhp/ d sur￿w zklfk lv orzhu +vwulfwo| orzhu iru rqh srvvleoh eholhi dw ohdvw, wkdq wkh
sur￿w lw hduqv lqghhg e| sod|lqj lwv htxloleulxp dfwlrq1 Wkh lqwxlwlyh fulwhulxp lpsrvhv wkh
iroorzlqj uhvwulfwlrq= d ￿uhdvrqdeoh￿ eholhi ri wkh djhqw dvvrfldwhg wr vxfk d grplqdwhg
sursrvlwlrq pxvw sxw qr pdvv rq w|sh N> surylghg wkdw wkh sursrvlwlrq jlyhv d kljkhu
sur￿w wkdq htxloleulxp sur￿w rq wkh uhpdlqlqj w|sh1 Li wkh frqglwlrq lv qrw vdwlv￿hg/ wkh
htxloleulxp lv holplqdwhg1
53rhuv iru glhuhqw w|shv duh w|slfdoo| glhuhqw lq pruh wkdq rqh glphqvlrq1
Wkh frqvhtxhqfh lv wkdw qr sulqflsdo*v rhu lv hvvhqwldo iru lqwhusuhwlqj fru0
uhfwo| wkh phvvdjh= dq| vkruw olvw ri rhuv +hyhq rqh rhu rqo|, lv vx!flhqwo|
lqirupdwlyh lq prvw htxloleuld1 Hdfk lqvxuhu lv whpswhg wr iuhh0ulgh wkh uhyh0
odwlrq sduw/ dqg hduq sduwlflsdwlrq e| rhulqj wkh ehvw ghdo1 Krzhyhu/ qrwlfh
wkdw wkh uhdvrqlqj lv ydolg h{ srvw rqo|/ l1h1 wrr odwh lq d sxuh SEH1
Edjzhoo dqg Udph| ^4` sursrvhg wkdw htxloleulxp eholhiv vkrxog eh xq0
suhmxglfhg lq wkh iroorzlqj vhqvh145 Wr hdfk yhfwru ri rhuv/ wkh| dvvrfldwh
wzr qxpehuv= wkh uvw +uhvs1 wkh vhfrqg, lv wkh qxpehu ri rhuv glhuhqw
iurp wkh htxloleulxp sdlu dvvljqhg wr wkh kljk0ulvn +uhvs1 wkh orz0ulvn, w|sh1
Li wkhvh wzr qxpehuv glhu/ wkh eholhi dvvrfldwhg zlwk wkh h{dplqhg sdlu
vkrxog sxw suredelolw| rqh rq wkh w|sh fruuhvsrqglqj wr wkh vwulfwo| vpdoohu
qxpehu1 Dssolhg wr rxu prgho/ wkhlu uhqhphqw vhohfwv dv d xqltxh vhsdudw0
lqj htxloleulxp idlu ixoo lqvxudqfh iru hdfk w|sh1 Krzhyhu/ wkh fulwhulxp lv
lqfdsdeoh ri holplqdwlqj srrolqj htxloleuld1
Vkrxog zh uhqhB Vxssrvlqj shuihfwlrq ri wkh Ed|hvldq htxloleulxp dv
zh kdyh grqh lv d uhqhphqw/ exw rqh zklfk lv frqfhswxdoo| fohdu dqg zklfk
vlpsolhv wkh uhvroxwlrq ri wkh prgho1 Wkh lqwxlwlyh fulwhulxp lv xvhixo djdlqvw
srrolqj htxloleuld zkhuhdv wkh Edjzhoo0Udph| fulwhulxp lv xvhixo djdlqvw lq0
h!flhqw vhsdudwlqj htxloleuld1 Wkhuh duh rwkhu glhuhqfhv= +4, wkh lqwxlwlyh
fulwhulxp grhv qrw lpsrvh uhvwulfwlrqv rq wkh eholhiv dvvrfldwhg wr rhuv zklfk
zrxog doo eh r0htxloleulxp> +5, zlwk wkh lqwxlwlyh fulwhulxp/ wkh glphqvlrq ri
wkh frqwudfw vsdfh lv fuxfldo iru wkh ixqfwlrqlqj ri vruwlqj0rxw dujxphqwv +ds0
solhg wr sulfh frpshwlwlrq/ wkh fulwhulxp lv lqfdsdeoh ri holplqdwlqj srrolqj
htxloleuld,> +6, wkh glphqvlrq ri wkh frqwudfw vsdfh lv luuhohydqw iru d fruuhfw
vhohfwlrq wkh htxloleuld vxvwdlqhg e| wkh xqsuhmxglfhg eholhiv1 Dsso|lqj erwk
dujxphqwv vhtxhqwldoo| ohdgv wr wkh xqltxh doorfdwlrq wkdw wkh pdunhw zrxog
kdyh uhdfkhg xqghu v|pphwulf lqirupdwlrq1
Li zh wklqn wkdw wkh irufhv ohdglqj wr h!flhqf| duh vwurqj lq wkh vkruw
45Wkh hfrqrplf sureohp wuhdwhg lq wkhlu prgho +roljrsro| sulflqj zkhq wkh txdolw| ri
wkh surgxfw lv qrw revhuyhg e| wkh ex|hu, lv yhu| gl￿huhqw iurp rxuv +qr frpprq ydoxh
ehwzhhq sulqflsdov,> vwloo/ dv idu dv uh￿qhphqwv duh frqfhuqhg/ wkh jdph wkhruhwlf lvvxh lv
forvh1
54uxq/46 zh vkrxog rqo| frqvlghu dv hfrqrplfdoo| phdqlqjixo wkh Ehuwudqg do0
orfdwlrq/ nhhslqj lq plqg wkdw wkh lpsolflw lqirupdwlrqdo dqg frjqlwlyh dv0
vxpswlrqv duh udglfdo dqg odujho| revfxuh/ zklfk lv d frpprq +dqg ydolg,
remhfwlrq djdlqvw uhqhphqwv1 Wkh phvvdjh ri wklv sdshu lv wkdw wklv frpprq
vhqvh vkruwfxw grhv qrw zrun zhoo/ hyhq li +dqg hvshfldoo| li, zh dgg d skdvh
ri dujxphqwdwlrq iru h{sodlqlqj zk| dq lqh!flhqw htxloleulxp vkrxog qrw
eh sod|hg1
9F r q f o x v l r q
Pdunhwv iru vhuylfhv jlyh d frqyhqlhqw looxvwudwlrq ri wkh uhdvrqv zk| frpsh0
wlwlrq grhv qrw hqvxuh shuihfw uhyhodwlrq ri wkh lqirupdwlrq wr wkh frqvxphuv/
zk|/ zkhq pdunhw lqwhudfwlrqv uhyhdo lqirupdwlrq/ wkh doorfdwlrq pd| uhpdlq
lqh!flhqw/ dqg qdoo| zk| d sduw ri wkh vxusoxv pd| uhpdlq lq wkh kdqgv ri
vrph upv1 Wkh lurq| lv wkdw wkh odujhvw uhqwv wr wkh upv duh ohiw wkh prvw
glvwuxvwixo frqvxphuv1 Srrolqj htxloleuld dqg vhsdudwlqj htxloleuld zkhuh wkh
frvwo| w|sh lv h{sorlwhg duh w|slfdo ri wkh uhodwlrqvkls ehwzhhq glvwuxvw dqg
wdflw frooxvlrq1 Dv uhqhphqwv lqglfdwh/ vrsklvwlfdwhg frqvxphuv duh ehwwhu
wuhdwhg e| wkh pdunhw= hgxfdwlqj wkh sxeolf*v xqghuvwdqglqj ri lqvxudqfh/
qrw wr vd| ri frpshwlwlrq/ fdq eh dw ohdvw dv hhfwlyh dv uhjxodwlqj wdulv1
Wkh h!fdf| ri dq hgxfdwlrq0edvhg srolf| lv hyhq pruh suredeoh zkhq ulvnv
fkdqjh idvwhu wkdq uhjxodwlrqv1
Uhjxodwlqj lqvxudqfh pdunhwv uhpdlqv d gl!fxow wdvn1 H{ dqwh/ doo htxl0
oleuld duh zruvh wkdq wkh doorfdwlrq wkdw zrxog hphujh xqghu v|pphwulf lj0
qrudqfh ri wkh w|shv +qdpho|/ dyhudjh idlu ixoo lqvxudqfh,147 Zh hqfrxqwhu d
ydulhw| ri wkh Kluvfkohlihu sdudgr{/ zkhuh wkh ydoxh ri wkh ehwwhu lqirupdwlrq
ri wkh lqvxuhuv lv vrfldoo| qhjdwlyh1 Wkh wudjhg| lv wkdw glvfulplqdwlrq whfk0
qltxhv duh d frpshwlwlyh dgydqwdjh= rqh fdq/ iru h{dpsoh/ sursrvh ehwwhu
whupv wr orz ulvn frqvxphuv/ qrwklqj wr kljk ulvn frqvxphuv1 Wkh surfhvv
46Wklv dssurdfk frxog eh vhhq dv dq looxvwudwlrq ri zkdw Khuw}hqgrui dqg Ryhujddug
^43‘ fdoo wkh h!flhqf| dujxphqw1
47Srrolqj htxloleuld lq rxu prgho duh ohvv idyrudeoh wr wkh lqglylgxdo vlqfh wkh| hqwdlo
srvlwlyh sur￿wv rq erwk w|shv/ l1h1 frooxvlrq ehwzhhq lqvxuhuv udwkhu wkdq furvv0vxevlgl}lqj
ehwzhhq w|shv1 Lq wkh vhsdudwlqj htxloleuld/ hyhq wkh ehvw fdvh zkhuh hdfk w|sh lv ixoo|
lqvxuhg dffruglqj wr lwv dfwxduldo ydoxh/ wkh lqglylgxdo uhfhlyhv h{ dqwh ohvv xwlolw| wkdq
ehlqj ixoo| lqvxuhg xqghu dyhudjh dfwxduldo whupv1
55lv srwhqwldoo| qhyhu hqglqj= lqvxuhuv vhhn lqirupdwlrqdo dgydqwdjhv/ zklfk
duh/ vrrqhu ru odwhu/ xqghuplqhg e| lplwdwlrq1 Lqirupdwlrq ehfrphv v|p0
phwulf djdlq/ exw zlwk d kljkhu ghjuhh ri glvfulplqdwlrq/ dqg/ djdlq/ lqvxuhuv
vhhn lqirupdwlrqdo dgydqwdjhv1 Lw vhhpv gl!fxow wr lpdjlqh srolflhv vwdwhg lq
jhqhudo whupv/ olnh dqwl glvfulplqdwlrq odzv/ wkdw frxog euhdn wklv g|qdplfv/
qrwdeo| lq pdunhwv zkhuh dgyhuvh vhohfwlrq fdq vxgghqo| ehfrph dq lvvxh1
Wkh hdvlhvw whvwv ri rxu wkhru| duh edvhg rq wkh suhglfwlrqv wkdw gr qrw
frqwudglfw rxu prgho zkhuhdv wkh| idovli| wkdw ri Urwkvfklog dqg Vwljolw}/
dqg wkh v|pphwulf lqirupdwlrq k|srwkhvlv1 Lq wkh devhqfh ri d txdqwlwdwlyh
dujxphqw/ zh zdqw wr vxjjhvw wkdw wkh iroorzlqj vwdwhphqwv duh uhdvrqdeo|
dwwudfwlyh= +4, orz ulvn shrsoh pd| eh ehwwhu fryhuhg e| lqvxudqfh wkdq kljk
ulvn shrsoh> +5, fhuwdlq shrsoh duh qrw lqvxuhg lq vslwh ri wkhlu deryh dyhudjh
ulvnlqhvv> +6, lq fhuwdlq qlfkhv/ srolf|kroghuv duh shuvlvwhqwo| surwdeoh148
Qrwlfh wkdw rxu vwdwhphqwv duh qrw fhwhulv sdulexv1 Zh edvh lqghhg rxu
dqdo|vlv rq wkh idfw wkdw wzr shrsoh pd| eh revhuydwlrqdoo| glhuhqw iru
wkh lqvxuhuv dqg wkh hfrqrphwulfldq/ dqg vwloo qrw eh dzduh ri wkh h{whqw
ri wkhlu glhuhqfhv lq ulvnlqhvv1 Frpsduhg wr wkh whvwv ri dgyhuvh vhohfwlrq/
wklv lpsrvhv d glhuhqw wuhdwphqw ri frqwuro yduldeohv1 Lq sudfwlfh/ lqvxuhuv
rhu phqxv lq zklfk frqvxphuv pdnh wkhlu fkrlfhv/ exw phqxv duh qrw wkh
vdph iru doo lqglylgxdov +vhh Sxho} dqg Vqrz ^45` dqg Fkldssrul dqg Vdodqlì
^5`,1 Lq wkhru|/ wkh prvw frpsohwh ylhz ri lqvxudqfh pdunhwv olhv ehwzhhq
h{wuhphv= qr sduw| kdv d vxshulru lqirupdwlrq dqg phqxv vljqdo lqirupd0
wlrq iurp lqvxuhuv wr lqglylgxdov zkhuhdv lqglylgxdov uhyhdo lqirupdwlrq wr
lqvxuhuv e| wkhlu fkrlfhv1 Zkhwkhu wkh vwuxfwxuh ri dv|pphwulf lqirupdwlrq
lv forvh wr rqh ri wkh h{wuhphv +dgyhuvh vhohfwlrq ru ehwwhu lqiruphg lqvxuhuv,
lv dq hpslulfdoo| fkdoohqjlqj txhvwlrq1 Lq dq| fdvh/ hfrqrphwulfldqv kdyh wr
frqwuro iru wkh h{dfw qdwxuh ri rhuv dqg fodvvlfdwlrq whfkqltxhv lq rughu
qrw wr dvvhvv dv|pphwulf lqirupdwlrq zkhuh wkhuh lv qrqh1
48Wkhvh frqvhtxhqfhv gl￿hu iurp ￿survhohfwlrq￿ +ehwwhu ulvnv duh ehwwhu fryhuhg, dv
gh￿qhg lq Khphqzd| ^<‘/ vlqfh rqh vxvshfwv wkdw lqglylgxdov wkhuh duh ehwwhu lqiruphg1
Kh vkrzhg wkdw fduhohvv shrsoh +wkrvh zkr gr qrw idvwhq wkhlu vhdw ehowv, whqg wr kdyh
dgrswhg ohvv lqvxudqfh fryhudjh1 Wkh gdwd kdyh ehhq froohfwhg dw d fdu uhqwdo frpsdq| e|
gluhfw revhuydwlrq1
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u eh wkh yhfwruv ri rhuv ri/ uhvshfwlyho|/ w|sh0M dqg w|sh0u
frqvxphuv1
Sursrvlwlrq 9 D vhsdudwlqj htxloleulxp dozd|v h{lvwv/ pruhryhu=
41 Wkh orz ulvn lv fkdujhg wkh plqlpdo sulfh S4￿?
u ' Ru_ Pruhryhu/ dw
ohdvw wzr ri wkh frqwudfwv lq S￿
u fkdujh wklv sulfh1
51 Li S4@ 
u :S 4￿?
M c wkh kljk ulvn lv fkdujhg wkh plqlpdo sulfh S4￿?
M ' RM_
Pruhryhu/ dw ohdvw wzr ri wkh frqwudfwv lq S￿
M fkdujh wklv sulfh
61 Li S4@ 
u  S4￿?
M c dS4￿?
M cS 4@ 
M o^ifj lv wkh vhw ri htxloleulxp doorfdwlrqv iru
wkh kljk ulvn1 Iru qr0lqvxudqfh htxloleuld/ wkh yhfwru ri rhuv lv rqo|
uhvwulfwhg wr eh lq ES4@ 
u cn4￿ Lq wkh rwkhu htxloleuld/ wkh frqwudfw
S wdnhq lq htxloleulxp lv wkh orzhvw sulfh lq d vxevhw ri dS4￿?
M cn4￿
frqwdlqlqj S
+Sursrvlwlrq 4 lv d fruroodu| ri wklv frpsohwh yhuvlrq1,
5841 dqg 51 iroorz wkh vdph orjlf= wkhuh h{lvw frqwudfwv wkdw duh surwdeoh
dqg dffhswdeoh zkdwhyhu wkh vxevhtxhqw eholhiv ri wkh frqvxphu1 Wkhvh frq0
wudfwv olh lq ES4￿?
u cS 4@ 
u  iru uc lq ES4￿?
M cS 4@ 
u  iru M F r p s h w l w l r ql vw k h u h i r u h
wrwdo/ zklfk h{sodlqv wkdw wzr rhuv dw ohdvw vkrxog dqg gr fkdujh wkh plqlpdo
sulfh +hovh/ wkh rqo| lqvxuhu rhulqj wklv frqwudfw zrxog kdyh vrph ohhzd| wr
udlvh lwv sulfh,1 61 Khuh wkh orjlf lv lqyhuwhg= wkhuh grhv qrw h{lvw dq| frqwudfw
wkdw lv erwk surwdeoh dqg dffhswdeoh iru doo wkh srvvleoh vxevhtxhqw eholhiv
ri wkh frqvxphu1 Lq rwkhu zrugv/ li zh dvvrfldwh wr dq| surwdeoh ghyldwlrq
de h o l h iv x f kw k d ww k hg h y l d q wr  h ul vx q d f f h s w d e o h+ z k l f kl vd o z d | vs r v v l e o h
e| wdnlqj/ h1j1/ Ru, dqg jlyhq wkdw wkh eholhiv dvvrfldwhg wr qrq0surwdeoh
ghyldwlrqv qhhg qrw eh uhvwulfwhg/ wkhq ghyldwlrqv duh glvfrxudjhg dqg wkh
htxloleulxp lv vxvwdlqhg1
D15 Sursrvlwlrq 5
41 Lqfuhdvlqj bM lqfuhdvhv wkh vhw ri dffhswdeoh frqwudfwv iru dq xqlqiruphg
djhqw= S4@ 
￿ Rf $ S4@ 
M dv bM $  Wklv uhod{hv Frqglwlrq +h, lq wkh sursrvlwlrqc
vwulfwo| zkhq wkh vhw ri srrolqj lv qrw hpsw|/ zhdno| zkhq lw lv1 51  rqo|
dhfwv wkh UKV lq Frqglwlrqv +g, dqg +h,/ Sursrvlwlrq BB>l iRu : fc wkhq
+h, ehfrphv ylrodwhg iru d odujh 16 1d q g 7 1I r u Ru 'f c h{lvwhqfh ri d
srrolqj htxloleulxp lv jxdudqwhhg/ vlqfh +h, lv vdwlvhg1 Wkh sursruwlrq ri u
pxvw eh orz hqrxjk +S4@ 
￿ Rf forvh hqrxjk wr S4@ 
M , iru wkh +g, wr eh phw1 E|
frqwlqxlw|/ dqg jlyhq wkdw wkh frqvwudlqwv rq srrolqj htxloleuld duh vodfn dw
Ru 'f c vpdoo qrq0qhjdwlyh ydoxhv ri Ru dqg bu jxdudqwhh h{lvwhqfh1
Lq wkh jhqhudo fdvh +frqwudfwv lq l￿/ wkh surri kdv wr eh voljkwo| prglhg1
Uhpdun wkdw hdfk ￿W lv lq DE Rf_SuEf_SMEf_V u_V M 41 Suryhg zlwk
wkh vdph uhdvrqlqj zlwk DE Rf $D ERM lqvwhdg ri S4@ 
￿ Rf $ S4@ 
M  51 Li Ru : fc
Vu _ SMEf ' > iru  odujh +dq| frqwudfw surwdeoh rq M lv vhfrqg0rughu
grplqdwhg iru u G ghyldwlqj lv ehwwhu wkdq vkdulqj16 1d q g7 1L iRu 'f c qr
surwdeoh frqwudfw fdq eh dffhswhg e| dq lqglylgxdo eholhylqj kh lv d u Lq
frqvhtxhqfh/ qr frqwudfw lv vhfrqg0rughu grplqdwhg dqg Vu frqwdlqv doo wkh
rwkhu vhwv1
59D16 Wkhruhp 4
Wkh qhfhvvdu| frqglwlrqv rq wkh htxloleulxp duh glvfxvvhg lq wkh wh{w1 Wkh
eholhiv vxvwdlqlqj wkh htxloleulxp vdwlvi| wkh iroorzlqj uhvwulfwlrqv1 Iru htxl0
oleulxp rhuv/  RE￿W





g c￿￿  ru < 9'  v1w1 
￿W
g "￿ RE￿3￿W
g c￿￿  +<,
Lq fdvh 4/ frqglwlrq +e, hqvxuhv wkdw wkhuh dozd|v h{lvw dssursuldwh eholhiv
zkhqhyhu Z￿W
g : f1
Lq fdvh 5/ Z￿W
g wdnhv lqwr dffrxqw wkh idfw wkdw wkh frqwudfw lv wdnhq zlwk
suredelolw| * Iru dq| srvvleoh ghyldwlrq  e| c vhfrqg0ghjuhh grplqdqfh
hqvxuhv wkdw wkhuh h{lvwv dw ohdvw rqh eholhi R￿
gE wkdqnv wr zklfk ￿W
g fdqqrw
eh grplqdwhg e|  Lq frqvhtxhqfh wkh eholhiv wkdw duh qhhghg pd| eh=
+htxloleulxp eholhiv,  RE￿W
g 'Rgc;g( +r0htxloleulxp eholhiv, iru dq| c





gE Hovhzkhuh/ qr uhvwulfwlrq lv
qhhghg1
Jlyhq frqwudfwv vdwlvi|lqj wkh frqglwlrqv/ qrq0hpswlqhvv dqg frqyh{lw|
ri wkh vhw ri eholhiv ghulyhv iurp wkh h{lvwhqfh/ iru hdfk ghyldwlrq/ ri xsshu
erxqgv +rqh e| dowhuqdwlyh frqglwlrqv lq htxdwlrq <, rq eholhiv frqvlvwhqw
zlwk vwdelolw|= wkh odujhu ri wkhvh ydoxhv ghwhuplqh wkh grpdlq ri eholhiv
uhqghulqj wkh ghyldwlrq xqdwwudfwlyh1
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Iu dqg Vu Zh suryh uvw wkdw wkh iroorzlqj frqglwlrqv duh htxlydohqw iru
dq|  5D ERu=+ d , lv uvw0ghjuhh grplqdqw iru u( +e,  lv vhfrqg0ghjuhh
grplqdqw iru u( +f,  lv dfwxduldo/ dqg rhuv dw ohdvw ixoo lqvxudqfh/ dw prvw
wkh rswlpdo lqvxudqfh fryhudjh iru d kljk ulvn zkr zrxog kdyh dffhvv wr wkh
orz ulvn*v dfwxduldo whupv1
Ohw*v suryh wkdw +d,,+f, Dvvxph wkdw  'E `￿c` ￿ 5D ERu lv uvw0
ghjuhh grplqdqw dqg vwulfwo| surwdeoh rq u1I r u":fc ￿ 'E `￿c` ￿n" lv
suhihuuhg wr  dqg jdlqv sduwlflsdwlrq ri wkh djhqw +￿ rhuv ehwwhu frqglwlrqv
wkdq ,> e| wdnlqj vpdoo hqrxjk dq "c wkh surw jhqhudwhg e| ￿ lv qhfhv0
vdulo| qrq0qhjdwlyh> wkhuhiruh ￿ uvw0ghjuhh grplqdwhv c d frqwudglfwlrq1
Ohw  eh dq dfwxduldo dffhswdeoh frqwudfw iru u wkdw rhuv xqghu0lqvxudqfh>
5:fohduo|/ DI
u lv vwulfwo| ehwwhu wkdq  iru doo eholhiv +vhfrqg0rughu vwrfkdvwlf
grplqdqfh,> lw lv wkhuhiruh dozd|v srvvleoh wr qg d frqwudfw ￿ uvw0ghjuhh
grplqdwlqj  lq d qhljkerukrrg ri DI
u 1 Lq wkh vdph yhlq/ qrwh wkdw wkh
rswlpdo frqwudfw iru kljk ulvnv dprqj wkrvh zklfk duh dfwxduldo iru wkh orz
ulvn lv suhihuuhg e| wkh djhqw/ zkdwhyhu klv eholhiv/ wr dq| frqwudfw rhulqj
ixuwkhu ryhu0lqvxudqfh1
Ohw*v suryh qrz wkh uhflsurfdo +f,,+d, Ohw  vdwlvi| +f, Wkhuh h{lvwv
d eholhi ehwzhhq Ru dqg RMc vxfk wkdw wkh lqwhuvhfwlrq ehwzhhq surwdeoh
frqwudfwv dqg zhdno| suhihuuhg frqwudfwv iru wklv eholhi lv ij(  fdqqrw eh
uvw0ghjuhh grplqdwhg1 Wr vhh wkdw +d,/+e,c uhpdun wkdw zkhq zh uhvwulfw
dwwhqwlrq wr frqwudfwv dffhswdeoh iru wkh orz ulvn/ uvw0ghjuhh dqg vhfrqg0
ghjuhh grplqdqfh duh htxlydohqw1
IM dqg VM Zh suryh wkh iroorzlqj dvvhuwlrqv= +d, G li dqg rqo| li dq|
frqwudfw zklfk lv +zhdno|, surwdeoh rq M dqg dffhswdeoh iru eholhi RM lv
uvw0ghjuhh grplqdqw iru w|sh M( +e, FU li dqg rqo| li dq| frqwudfw zklfk lv
vwulfwo| surwdeoh rq M dqg dffhswdeoh iru eholhi RM lv uvw0ghjuhh grplqdwhg1
+d, G li dqg rqo| li vwd|lqj xqlqvxuhg lv suhihuuhg e| orz0ulvn frqvxphuv wr
dq| frqwudfw lq DERM _S MEfc zklfk/ iru dq| frqwudfw ri wklv lqwhuvhfwlrq/
suhfoxghv wkh h{lvwhqfh ri d fkdoohqjlqj ￿1 Doo wkrvh frqwudfwv ehorqj wr
IM1+ e , FU/l id q gr q o |l iDI
M 5D ERu/l 1 h 1 l id q gr q o |l ii r ud q | 5
DERM _S MEf/ wkhuh h{lvwv dw ohdvw rqh frqwudfw lq DERu _S MEf lq d
qhljkerukrrg ri DI
M zklfk uvw0ghjuhh grplqdwhv 1
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Wkh qhfhvvdu| frqglwlrqv duh glvfxvvhg lq wkh wh{w1 Zh suryh dw wkh vdph wlph
qrq0hpswlqhvv dqg frqyh{lw| ri wkh vhw ri eholhiv vxssruwlqj dq doorfdwlrq











Hdfk ri wkh wzr dowhuqdwlyh frqglwlrqv rq eholhiv ixuqlvkhv dq xsshu erxqg
rq eholhiv1 Wkh frqyh{lw| ri wkh eholhiv iroorzv1 Qrq0hpswlqhvv iru frqwudfwv
vdwlvi|lqj wkh qhfhvvdu| frqglwlrqv lv d frqvhtxhqfh ri vhfrqg0ghjuhh grpl0
5;qdqfh1
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gr￿/d q g+ f ,￿
ar￿ dqg ￿
gr Li/ iru doo rcr￿c wkh wzr yhfwruv lq wkh
deryh sdluv glhu lq dw ohdvw wzr glphqvlrqv +vwudwhjlhv,c wkhq +￿
arc￿
grrM7
lv h{dfwo| vxssruwhg lq dq htxloleulxp1 Wr vhh wklv/ qrwlfh wkdw lq hdfk ri wkh
frqglwlrqdo jdphv/ eholhiv duh uhvwulfwhg rqo| iru htxloleulxp rhuv +Ed|hv
uxoh, dqg iru xqlodwhudo ghyldwlrqv iurp htxloleulxp rhuv +eholhiv pxvw eh
vr dv wr glvfrxudjh ghyldwlrqv e| rqh lqvxuhu,1 Jlyhq wkdw eholhiv dvvrfldwhg
zlwk yhfwruv ri rhuv glhulqj lq vwulfwo| pruh wkdq rqh glphqvlrq iurp rqh
ri wkh wzr htxloleulxp yhfwru duh qrw uhvwulfwhg dw doo/ wkh uhvwulfwhg eholhiv ri
doo wkh frqglwlrqdo jdphv fdq eh wudqvsodqwhg lq wkh frpsohwh jdph zlwkrxw
lqwhuihuhqfhv1 Wkh| vxvwdlq wkh doorfdwlrq1
Rwkhu fdvhv1 Dvvxph qrz wkdw rqh ri wkh frqglwlrqv deryh lv ylrodwhg1
Zh ghdo zlwkrxw orvv ri jhqhudolw| zlwk wkh fdvh zkhuh ￿
ardqg ￿
ar￿ glhu e|
ohvv wkdq wzr glphqvlrqv1 Xvlqj wkh idfw wkdw wkh lqwhulru ri HEarcg r dqg
HEar
￿cg r
￿ lv qrw hpsw|/ zh vkrz wkdw ￿
ar dqg ￿
ar￿ fdq eh uhsodfhg e| duel0
wudulo| forvh htxloleulxp doorfdwlrqv vr dv wr holplqdwh wkh dpeljxlw| dqg jr











Vxefdvh +d,1 Iru {lqj lghdv/ dqg zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw
+￿
arc￿
gr lv d srrolqj1 Sursrvlwlrq 5 lpsolhv wkdw wkhuh lv d frqwlqxxp ri
srrolqj htxloleuld lq HEarcg r1 Qrwlfh wkdw d srrolqj htxloleulxp lqyroylqj
lqglhuhqfh ehwzhhq rhuv/ zh kdyh wr fduhixoo| prgli| doo rhuv wr suhvhuyh
lqglhuhqfh1 Wklv phdqv wkdw wkhuh h{lvw +0￿￿MU +zlwk 0￿ 5 U -2 dqg n0￿n : f
dv vpdoo dv qhfhvvdu|,/ vxfk wkdw/ li/ iru dq| c zh dgg yhfwru 0￿ wr wkh yhfwruv
ri frqglwlrqdo wudqvihuv +`￿c` ￿,l p s o l f l wl q￿
ar dqg ￿
gr wr holplqdwh dq|
dpeljxlw| fdxvhg e| wkh uhvhpeodqfh zlwk ￿
ar￿ dqg ￿
gr￿c wkh prglhg rhuv
vwloo vxssruw d srrolqj htxloleulxp1 Zh duh edfn wr wkh edvh fdvh1
Vxefdvh +e,1 Zh kdyh sduwlwlrqhg w|shv/ khqfh ar 9' ar￿c dqg idlu frqwudfwv
duh qhfhvvdulo| glhuhqw iru wkrvh wzr w|shv1 Exw gxh wr frpshwlwlyh suhvvxuh/
5<lq doo vhsdudwlqj htxloleuld/ orz0ulvn w|shv +lq frqglwlrqdo jdphv, duh rhuhg
dw ohdvw wzr +qrq0wulyldo, idlu frqwudfwv +Sursrvlwlrq 6,/ wkhuhiruh ar dqg ar￿
fdqqrw eh erwk wuhdwhg dv orz0ulvn w|shv lq wkhlu frqglwlrqdo jdphv1 Khqfh
dw | s h /v d |ar iru {lqj lghdv/ lv wkh kljk ulvn lq klv frqglwlrqdo jdph
dqg lv lq wkh vlwxdwlrq ri Sursrvlwlrq 6/ Srlqw 51 Lq dq| fdvh/ wkh vhw ri
htxloleulxp doorfdwlrqv iru M ehlqj d frqwlqxxp/ wkh rhuv kh jhwv fdq eh
voljkwo| fkdqjhg wr dssur{lpdwh ￿
ar Zh duh edfn wr wkh edvh fdvh1
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+4, Ohw xv wdnh d srrolqj htxloleulxp1 Iru dq| c zh ghqrwh wkh sursrvhg
frqwudfw e| ￿Wc dqg e| Z￿W
M dqg Z￿W
u wkh dvvrfldwhg surwv +Z￿W
g ' ZgE￿W*,1
Ghqh ￿ dv wkh E  c0edu|fhqwhu ri Efc￿W( jlyhq wkh olqhdulw| ri
wkh surw ixqfwlrqv= ZgE￿'Z￿W
g* iru dq| g Gxh wr wkh frqfdylw| ri
wkh xwlolw| ixqfwlrq dqg wr wkh idfw wkdw ￿W zdv dffhswdeoh iru eholhi  Rfc
￿ lv qhfhvvdulo| vwulfwo| dffhswdeoh iru eholhi RMc dqg vwulfwo| ehwwhu wkdq
htxloleulxp rhuv1 Qrz zh lqyrnh d vlqjoh0furvvlqj dujxphqw= dffruglqj
wr wkh uhqhphqw/ wkh qhljkerukrrg ri ￿ lv fxw lq irxu glvwlqfw dqjxodu
vhfwruv lq rqh ri zklfk  RE3￿Wc'RM/ ehfdxvh wkhuh ZME :Z ￿W
M* dqg
ZuE 	Z ￿W
u* Lqvxuhu  zrxog ehwwhu rhu d frqwudfw lq wklv vhfwru= e| wdnlqj
lw vx!flhqwo| forvh wr ￿c sduwlflsdwlrq ri wkh frqvxphu lv jxdudqwhhg/ dqg
surwv duh vxshulru1 Wkh htxloleulxp lv eurnhq1
+5, Ohw xv {  dqg frqvlghu  RE
3￿W
u c1 Wkh uhqhphqw lpsrvh wkdw
iru dq| ￿ jhqhudwlqj orvvhv rq M d q gs u r  w vr qu/ lq sduwlfxodu durxqg
DI
u c  RE
3￿W
u c￿ pxvw eh Ru Li wkh w|sh0u frqvxphu uhfhlyhv d idlu exw lqhi0
flhqw doorfdwlrq/ wkhq wkhuh h{lvw qhfhvvdulo| d ghyldwlrq e|  lq wkh qhljkeru0
krrg ri DI
u wkdw lv dffhswdeoh/ ehwwhu wkdq wkh htxloleulxp rhu/ dqg vwulfwo|
surwdeoh1 Wklv holplqdwhv xqidlu ru lqh!flhqw doorfdwlrq wr u Zh fdqqrw jr
ixuwkhu1 Frqvlghu  RE
3￿W
M c1 Zkdwhyhu ￿ rhuhg e|  wkdw zrxog lpsuryh
lwv surw rq Mc ￿ zrxog qrw ghfuhdvh lwv htxloleulxp surw rq u +zklfk
lv }hur,1 Lq frqvhtxhqfh/ wkh eholhiv fdqqrw eh uhvwulfwhg e| wkh Fkr0Nuhsv
fulwhulxp dqg wkh htxloleulxp fdqqrw eh holplqdwhg1
63E Frpshwlwlrq lq Phfkdqlvpv
Pdvnlq dqg Wluroh ^44` kdyh vrphzkdw forvhg d fhuwdlq w|sh ri vwxglhv lq vlj0
qdoolqj jdphv e| vkrzlqj wkdw doorzlqj wkh sulqflsdo wr rhu sudfwlfdoo| xq0
uhvwulfwhg phfkdqlvpv +ru jdph irupv,/ udwkhu wkdq frqwudfwv lq wkh qduurz
vhqvh/ jxdudqwhhv h!flhqf| jdlqv1 Wkh iroorzlqj uhvxow lv pdlqo| frqfhlyhg iru
wkh uhdghuv idploldu zlwk Pdvnlq dqg Wluroh1 Lw surylghv d frxqwhu0h{dpsoh
surylqj wkdw h!flhqf| jdlqv duh qrw zduudqwhg lq wkh pxowl0sulqflsdov frq0
wh{w1
Sursrvlwlrq : Dvvxph wkdw Ru 'f 1 Qr0lqvxudqfh iru M dqg u lv dq htxl0
oleulxp doorfdwlrq ri frpshwlwlrq lq phfkdqlvpv1
Surri1 >￿
M lv wkh yhfwru ri phfkdqlvpv rhuhg wr M Iru dq| > 5 l2c dq|
gcgE> ghqrwhv wkh doorfdwlrq wkdw > dvvljqv wr g Wklv uhsuhvhqwv zlwkrxw
orvv ri jhqhudolw| wkh ghjuhh ri glvfuhwlrq wkdw wkh lqvxuhu pd| nhhs lq wkh
rhuhg phfkdqlvp1 Lq sduwlfxodu/ uE>￿
M lv wkh doorfdwlrq wkdw d u zrxog
uhfhlyh iurp  li  sursrvhv >￿
M wr uc d q gl iw k l vr  h ul vd f f h s w h ge |u1W k l v
zloo pdwwhu iru lqfhqwlyh frpsdwlelolw|1
Iru dq| c dq| > 5 l2c zh glvwlqjxlvk wzr fdvhv +d, uE> pdnhv vwulfwo|
srvlwlyh surwv rq u li dffhswhg/ dqg +e, uE> pdnhv qhjdwlyh surwv rq uc
li dffhswhg1 Zh fkhfn qrz wkdw wkh iroorzlqj eholhiv vxvwdlq wkh htxloleulxp
doorfdwlrq +qr0lqvxudqfh iru doo,= li +d, wkhq \E>
3￿
M c>'E f c( li +e, wkhq
\E>
3￿
M c>'E  cf
Fdvh +d,1 > euhdnv wkh htxloleulxp rqo| li uE> lv vwulfwo| suhihudeoh wr
qr0lqvxudqfh iru eholhi Ru G lqghhg/ jlyhq klv eholhiv/ wkh lqglylgxdo dfwv dv li
kh zdv rhuhg uE> Frpsduhg wr qr0lqvxudqfh zklfk lv wkh uvw0ehvw zkhq
Ru 'f c> zrxog kdyh wr lpsuryh vwulfwo| wkh lqvxuhu*v dqg wkh frqvxphu*v
xwlolw|1 Wklv lv lpsrvvleoh1
Fdvh +e,1 > euhdnv wkh htxloleulxp rqo| li +l, ME> lv vwulfwo| suhihudeoh
wr qr0lqvxudqfh iru eholhi RM +wkh ydoxh ri > iru wkh lqglylgxdo lv wkh ydoxh ri
ME>c +ll, ME> lv vwulfwo| surwdeoh rq M +wkh lqvxuhu kdv wr eh lqgxfhg wr
ghyldwh, dqg +lll, pruh surwdeoh wkdq uE> rq M +lqfhqwlyh frpsdwlelolw|,1
Uhpdun wkdw/ zlwkrxw orvv ri jhqhudolw|/ gE> f d qe hv h h qd vdu d q g r p
doorfdwlrq ri lqvxudqfh frqwudfwv/ frqwudfw ehlqj wdnhq lq wkh ruglqdu|
64vhqvh1 Pruh suhflvho|/ doo zrunv dv li gE> zhuh vshfli|lqj wkh udqgrp uxohv
dffruglqj wr zklfk wkh sdluv +`￿c` ￿ zhuh doorfdwhg1 Ohw xv ghqh  > dv wkh
lqvxudqfh +ruglqdu|, frqwudfw fruuhvsrqglqj wr wkh h{shfwhg whupv ri ME>
+ > 'E .E`￿ mME>c.E`￿ mME>,,1 Fohduo|/ gxh wr wkh ulvn qhxwudolw| ri
wkh lqvxuhu dqg ulvn dyhuvlrq ri wkh frqvxphu/ li > euhdnv wkh htxloleulxp/
wkhq +l,  > lv dovr vwulfwo| suhihudeoh wr qr0lqvxudqfh iru eholhi RMc +ll,  > lv dovr
vwulfwo| surwdeoh rq Mc dqg +lll, vwloo pruh surwdeoh wkdq uE> rq M Li zh
orrn dw wkh frqwudfwv vdwlvi|lqj wkhvh frqglwlrqv +rqh fdq ylvxdol}h wkhp lq
wkh sodqh +`￿c`￿,,/ lw lv fohdu wkdw  > +khqfh ME> qhfhvvdu| jhqhudwhv
vwulfwo| srvlwlyh surwv rq u Rq wkh rwkhu kdqg/ lqfhqwlyh frpsdwlelolw|
hqvxuhv wkdw uE> lv pruh surwdeoh wkdq ME> rq u Wklv lv d frqwudglfwlrq
zlwk +e,/ dqg > grhvq*w euhdn wkh htxloleulxp1
Wkh lqwhusuhwdwlrq wkdw zh uhwdlq khuh lv wkdw wkh phuh srvvlelolw| wkdw d
frqvxphu lv qrw vxemhfwhg wr wkh ulvn lv vx!flhqw iru kljk ulvn wr eh h{djjhu0
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